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ABSTRACT

We have four types of estimators of repeated measurements model and obtained these
estimators by maximum likelihood method (MLM), restricted maximum likelihood method
(REMLM) and modified restricted maximum likelihood method (MREMLM)(see [8] and
[9]). In this paper, we study the unconditional properties of the repeated measures model of
the four unbiased types.

INTRODUCTION

Repeated measurements are a concept that describes data in which the
outcome variable is measured several times and under varying experimental
conditions within each experimental device. Data from repeated measures is a
typical type of multivariate data and associated error linear models that are
commonly used in the simulation of data from repeated measures. Analysis of
repeated measurements deals with reaction effects evaluated at various times
or under different conditions on the same experimental unit. In many areas,
such as health and life sciences, epidemiology, biomedical, environmental,
manufacturing, psychological, educational studies, and so on, repeated
measurement analysis is widely used. [7], [9], [11], [12], [13].

Many studies have explored the repeated measurements model. for example:
Vonesh and Chinchilli (1997) discussed the univariate repeated measurements
model, analysis of variance model,[12]. Al-Mouel (2004) studied the
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multivariate repeated measures models and comparison of estimators, [1]. Al-
Mouel and Wang (2004) they studied the asymptotic expansion of the
sphericity test for the one-way multivariate repeated measurements analysis of
the variance model, [6]. AL-Mouel and Mustafa, in (2014) studied the
sphericity test for one-way Multivariate Repeated Measurements Analysis of
variance mode, [3] . AL-Mouel, and Naji, in (2014) devoted to study of one-
way Multivariate repeated measurements analysis of covariance model, [4].
AL-Mouel and Hassan in (2016) estimate the repeated measurement model
parameters by using maximum likelihood method, [5]. AL-Mouel and Kori in
(2021) studied estimating the parameters of the repeated measurement model
in two cases: conditional and unconditional, [2]. In this paper, we have five
types of estimators of repeated measurements model, we obtained these
estimators by maximum likelihood method (MLM), restricted maximum
likelihood method (REMLM) and modified restricted maximum likelihood
method (MREMLM). Our study focused on studying the unconditional
properties of the four types of estimators.

Setting Up the Model
The repeated measurement model can be summarized as following:

habc = 6 + Ab + T[a(b)+ Bc + (AB)bC+ €abc

1)

where

a =1,...,1"is an index for experimental unit within group (b)",

b =1,...,] "is an index for levels of the between-units factor (Group)",

¢ =1,...,K "is an index for levels of the within-units factor (Time)",

hape - "is the response measurement at time (c) for unit (a) within group (b)",
6 : "is the overall mean",

A, :"is the added effect for treatment group (b)",

Ta(p)-"1 the random effect for due to experimental unit (a) within treatment
group(b)",

B, : "is the added effect for time (¢)",

(AB),, : "is the added effect for the group (b) X time (c) interaction™,

Eapc. 1S the random error on time (c¢) for unit (a) within group (b)".

For the parameterization to be of full rank, we imposed the following

set of conditions:

> _A,=0; ¥ B, =0; ¥/_ (AB). =0 foreachc=1,...,K;

YK (AB)p. =0 foreachb=1,...,J.

and let, the €, and 7, pyare independent with

€apc i-1.d ~N(0,02) and myp,) i.i.d ~N (0, 07) 2

The sum of squares due to groups, subjects group, time, group X time and
residuals are then defined respectively as follows:
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SSy =IK YK _((hp. —h )2 8Sy =KLy Y] (hap. — hp)?
SSg =1 Y% (h.—h_)? SSAXB—IZ 12 _1(hpe—hy —h.+h)?

SSe = £=1Z 12 1(habc h.bc — hgp, + }_l.b.)z

where
h.= UK to1 X1 ko1 hape : the overall mean.
hy. = UZ _1 XX Yape : the mean for group (b).

hyp = %Zcﬂ hqpe - the mean for ath subject within group (b).
h,= %2{21 341 hape  the mean for time (c).
h

be = %Zﬁl:l hqpc - the mean for group (b) at time (c).
Let

Oapc = 0 +Ap + Tyt B + (AB)p (3)

represent the mean of time (c) for unit (a) within group (b).
and, let

H= 000+ %) 0yA, + X1 3] by Moy + 251 B, +
Z{9=1 thf=1 {)bgc(AB)bc (4)

an arbitrary linear combination of parameters 6, Aq,...,Aq, i1y, 0 Ty »
Bl' . BK’ (AB)llJ - (AB)]K

the best linear unbiased estimators (BLUE s) of the estimable parameters
9 Ab' T[a(b)l BC' (AB)bcand Qabc are 9 = h, Ab = hb h, T[a(b)
(1 n)(hab. .b.)’ Bc - h..c 7 (AB) - hbc + h - h.b. - h..c and

Oape = (1 — 77)(hab. - h.b.) + h.bc 2]

where (r) is the rate of expected mean squares, note that 0 < r < 1 is known
iff 62/02 is known.

By using maximum likelihood estimator (MLE) and related estimators and
Jeffreys' noninformative prior and proper Bayes estimators, we have five kinds
as follows: [8] and [9]

Type 1: This type consists of estimators as follows:

y D)y
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=hp.+h —h, —h,,
61 abc — 912 abc — h .+ A1z b + 7le a(b)+ Blz c + (@)1,Z;bc’

61,2; abc — h.bc + 7Tl,z; a(b):
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And

Hy= 200+ %) ty(hp — )+ Xhey S0y €p8c [(1 = ) (Rap. — hip)]
Sile(he—h )+ Ty tple(hpe +h. —hy —h.)

SSe

T'1=T'1’Z=ZSS.
Y3

where (a=1,..,I; b=1,..,J; c=1,..,K) and z is an arbitrary positive
constant. [8] and [9]

Type 2: This type consists of estimators as follows:

6,=h_,

Ty, a(b)—(l #)(hap. — hp),

AZD_AZZ b_hb_h

BZC_BZZ c_h h

(4B), . = (4B),, . = hue+h —hy —h

92 abc_HZZ abc_h + KZzb + 7TZZ a(b)+ Bch + (AB)

2,z;bc’
92,2; abc — h.bc + 7-[2,2; a(b):

And

Hy= 200+ %0 €y(hp —h.) + Zhon Ty €p8c [(1 — #) (hap, — hp)]
Sate(he—h. )+ Epoy Zabobe(hpe +h. —hp —h.)

With

f, = f,, = min {z%, 1},

where (a=1,..,I; b=1,..,J; c=1,..,K) and z is an arbitrary positive
constant. [8] and [9]

Type 3: This type consists of estimators as follows:

._hC!
é\3 abc _932 abc _h + KSZ b + 7T3Z a(b)+ B3Z c + (AB)
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3,z;bc’
93,2; abc — h.bc + 7T3,z; a(b)»
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And

Hy= €0 +Y_, p(hp. —h) + 3L X0 _ 08 [(1 = ) (Rap. — hp)]
Site(he—h )+ Ty tple(hoe +h. —hp —h.)

With
7/’\'3 == 7/’\'312 = f3 (SSn-, SSE),

where (a=1,..,I;b=1,....J; c=1,..,K) and f;(x,y) is an arbitrary
function of x,y > 0. [8] and [9]

Type 4: This type consists of the following estimators:

0,=h_,

s, a(b)_(l_r)(hab —hp),
A4-b_A4Z b_hb_h
B4C_B4-ZC_h’ h _ _

(AB)4b —(AB)“bC hp.+h —h, —h,,

94 abc — 942 abc — h .+ A42 b + 7T4z a(b) + B4z c + (AB)4Z;bc’

94,2; abc — h.bc + 7-[4,2; a(b):

And

H,= €,6 + Z{, 1€b(i—lb —h, ) + 0= 1Z]=1€b€c [(1 — #)(hap, — E.b.)]
2?:1 fc(}_l. h ) + 2] 12(: 1€b£ (E.bc + }_l - }_l.b. - }_l..c),

With
Py =Fpz =1, (%)

where (i=1,..,n,j=1,..,q,k=1,..,q) and f,(xy,x,) IS an arbitrary
positive function of x; > 0 and x, > 0. [8] and [9]

Unconditional Properties of Type 4 And 3 Estimators

Theorem 1: For model (2.1), let 7, be an arbitrary Type 4 estimator of r and
let 0y, A4 p, s awy, Bac and (1@)4;“ be the corresponding Type 4
estimators of 6, A4,, ), B and (AB),. respectively, (a=1,..,I; b=
1,.../,c=1,..,K). If the expectations of 8,4, R4aw) Bs. and
(1@)4;“ exists, then 0,4, 5 4 qwy, Bac and (‘@)4;19(; estimates
8, Ap, Tq ), Bc and (AB)), respectively are unbiased.
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Proof:

Since 6,=h_-E(8,) =E(.) and since E(h )=
1

E(I]_K £l=1 Z{;:l Zlc(zl habc)

A~ 1
, then E(94) = E(U_K 2:12{;1 cl'{=1 hape),

by assumptions of this model we get
E(8,) = UiK(I]K 8) = 0, we get 8, is unbiased estimator of 9,
Since A4; b= }Tl'b_ — I'_l, i E(AA4;b) = E(}_lb - }_l) = E(I'_lb) - E(l’—l) and
E®) = h_, we get
- = 1
E(Ayp) = E(hp) =0 = E (- 2y 251 hap ) — 6

by assumptions of this model we get

E(Ayp) = %(IKG +1KA,) — 0 - E(A,,,) = Ay , we getA,,, is unbiased
estimator of Ay,

In the same way, it can be concluded that the remaining parameters

E(fya) = E(Ta)), E(Byc) =B and E((4B), , ) = (AB), are
unbiased.

Corollary 1: For model (1), Let 7, be an arbitrary Type 4 estimator of r, and
let H, and fla;1(1) be the corresponding type 4 estimators of H and 7y ).

Then, if E (f14,1(1)) exsists, A estimators H unbiaseedly.
Proof:

ﬁ4 = foé + Z{;=1 fbA4,z; b+ Zéz:l Z{):l taty ﬁ'4,z;a(b) + Zé(:l £C§4'Z; et
Z{;=1 ZIC{=1 fb#k (AB)4-,z;bc

E(H) = E(CoO + 3] €pAssp + Xho1 Xhoi oty foaz,am) +
ZIC(=1 €CB4,Z; [ + Z{;:l Zlc(=1 gbfc (AB)4,z;bc )

—p A J I J K
- 509 + Zb=1 fbA4,z; b + Za:l Zb:l fafb Tyz; a(b) + Zc:l ’BCB4,Z; c +
Z{;:l ZIC{=1 fbfc (AB)4,Z;bC =H

which include that the estimators of H in corollary (3.1) of type 1, 2, 3 and 4
are unbiased.

Lemma 3.1: Let 7, be an arbitrary type 4 estimator of r, and let 7., be the
corresponding type 4 estimators of w4y (a=1,..,I;b=1,..,]). Then
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under model (1),

_ 2 2(1_
E[(h.. = 0)(Raaw) = Taw))] = = %T -7 Jel(le . ©)
Proof:

E[(Rh.. = 0)(aaw) = Taw)] = El(h.. = 0) g — (h.. = 6)(~Taw))]
by symmetry we get

E[(h. = 0)fsan] = 5 E[(R.. = 8) Ba Zp Rgatry] = 0
and hence

E[(h.. = 0)(Raat) — Mawy)] = —E[(h.. = O)ma| = —EI(6 + A + 7y +
B+ (@AB)+¢é. —0)map] =
—E([(0 +37Zhy Ap + - Thes Doy Moy + 3 250 Be +

1
j_KZ 12 1(AB)bc + 6 - 9) T[a(b)]
by assumption of model (1) we have,

[(E — 60)(Raav) — Tawy)] = —E[(”o + €. )maw)] = ~E[7)Taw)]
~E[(h.. = 0)Raar) — Taw))] = =77

and
02(1— ¢ ) Ko%

o2(1-1) _ __°\" Kop+dl) _ _ Kop+ol _ _ Kof — _ oz

rIJK 1Ko} UK 1JK 1]

KoZ+o2 Koptae
2 2
_ oé(1-1)

E[(h - 9)(7r4 jab) — ﬂa(b))] -tk

Lemma 2: Let 7, be an arbitrary type 4 estimator of r, and let 7i,,,(,) be the
corresponding type 4 estimators of m,,y (a = 1,...,I;b = 1,...]). Then under
the model (1),

oZ(1-7)
E [(ﬂ4 ;a(b) — T[a(b)) (7T4 sa'(b") — Ta' (b’ ))] ((1 1)1(] 1)[ TllKr -

MSE(H4_;1(1) - 7-[1(1)]) ) (a > a - 1, I b > b, - 1 ])
(6)

Proof: Let # = 7, and () = fi4;a(p) Py Symmetry, we get

[~ ) ()~ )] = B s -

aza' b=b'
Tav)) (ﬁa’(b’) - ”a’(b'))]

= Wl(]_l)il’,}:l E [(ﬁa(b) ~ Taw)) (ﬁa'(b') - ﬂa'(b'))] -
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1 “ 2
a-D0- 1)E(” ‘)T ’(b’)) )
m{E [(1 = ) (Rap. = hp ) (— Za Zb Ta))] [~ La b Taw)] + 07 —
MSE(”1(1) - 7T1(1)}

by symmetry, we have

E[C1 = #)(hap. = ) (= Za Zn Ta@)] = = 3 Za Zp EI((1 = ) (Bap, -

E.b.)(Za Xb 7Ta(b))) =0.
= 07% - MSE(ﬁ1(1) - 7T1(1))
o2 ae 1-r)

since = = ——2 , We get
1j rIJK

o2(1-7)
E[(ﬂ4a(b) —ﬂa(b))(ﬂ4a'(b) T/ (p' ))] (= 1)10 1)[ T,l,(r -

MSE(T[4;1(1) - T[l(l)]) ) (a > a — 1, T I b > bl —_ 1 .]).

Theorem 2: For model (1), let 7, be an arbitrary type 4 estimator of r, and let
A, and TL4;1(1) e the corresponding type 4 estimators of H and 7z, (). Then,

MSE(Ay, H) = 2 [€8 + )y 6301 = D) + Shey Th_, 243101 - 7)2(1 -
1)<1—11>]+zc=1rf3(1<—1)+2 LK -DU-D] (@)

Proof: let A, = Ay, Be = By, flaw) = fla;a) @Nd (AB) pe = (AB)y4; pcWeE
get

MSE(H, H) =Var(H,—h) =

Var [(goﬁ... + 2{,:1 fjAz;,z; D Z{;:l oty azam) + YK 1By +
PIAND WIR I A (1@) ) — (€00 + X0 1 oAy + X T aly Tagy +
SK_, 0B, + By T, £, (AB)yc)|

=Var[£o(8 — 0) + X)_, €5 (As,p — Ap) + Thas Zh_s €als (g, atr) —
7Ta(b)) + Zlc?:l fc(BAL;c - Bc) + Z 12 1£b€ ((AB)4 bc —

(AB)ye) |
= Var[fo(h —0)+X_ t,(hy —h_ — Ab) + XL YT ety ((1 -
P12)(hope. — Rp) — Tay) + 251 €. (hc —h_ —B.) +

> lzc 18pbc(hpc+h —hy —h - (AB)bc) |
= [€5 + Zhoa 65U — 1) + iy oy L8511 — 72U = DA - ID] +
Tl Tl (K = D)+ T T rt3 e (K- D0 - 1) |

Theorem 3: Let 7, be an arbitrary type 4 estimator of r. Then under the
model (1), [(1=7)(hap. — hp) —Tawy]| is distributed independently of
[ — 1) (heryr. — hyr)] (@a’ =1,...,;bb" =1,..J), and E{[(1—
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r)(}_lab. - }_l.b.) - ﬂa(b)][(ﬁ; - T)(}_la’b’. - E.b’.)]} =0
(a,a’=1,..,I;b,b" =1,..)). (8)

Proof: The quantity (7, — )(hgr,r. — k) is a function of the error contrasts
(€ape = hape — h.). Therefore, it suffices to prove that ((1 — ) (hap, —

i_pb_) - ﬂa(b)) is distributed independently of the error contrasts.

1 . ’
Let dadealbl = m,lf a,b =a'b ,
=1, ifab=+a,b.

we have that

E{[(l - T)(}_lab. - E.b.) - 7Ta(b)][(}_la’b’. __}_l.b’.)]} _
= E{[(l — T')(e +ﬁ, + T a(p) + B, + (AB)b + €y —0— Ay — T_L'_(l£ B

— (AB)p. = €p) =T oqw)l[0 + Apr + T 17y + B + (AB)y
+ €y —0— Ay —T ()= B = (AB)y, — €, ]}

= dap, dap E{[(1 = 1) (T o) — T.0) + €ap. — €b.) — Tam)l[ a'(b') ~

T (")t €a'p’. — €p']

- dab'da/b/ {(1 - )(I 1)06 - (1 - T') %} =0

since [(1 =) (hap. — hp) — o] and [(hgry. — Ry )] are  normally

distributed and are uncorrelated, they are distributed independently. Then

result (8) are independently distribution.

Theorem 4: Let 7, be an arbitrary type 4 estimator of r, and let 72,4, be the
corresponding type 4 estimators of 7, ;). Then under the model (1),

MSE(H'4 ;a(b) T[a(b)) MSE(TTa(b), na(b)) + — [(‘f'4 — T‘)ZSS,T]

IJK
= 20D 4 LE[(, — 1)?5S,] ©)

riK

Proof:

MSE (R 4.a0) Ta)) = E[Rasap) — Tam))? = var[(1 — #4) (hap. — hp) —
Ta(b)) B
=var[(1 —# +7—1)(hay, — hp) — o))

= var[(1— T)(f_lab. - E.b.) + (7”4 - T)(hab. .b.) — Ta(p)]
since gy = [(1 — 7)(hap. — hp,), then

= var[(Raw) = Taw) + Fo =) (Rap, = Bp.)] (10)

by symmetry we get
n - — N2
- MSE(”a(b)'na(b)) +— IJK a=1 Z{J=1 E[(y - T)Z(hab. - h.b.) ]
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= MSE (7o), Ta@v)) + —= E[(F4 — 7)255,]

IJK

If r is unknown, then the second term U—KE[(r4 —1)25S,] is a penalty term.

Theorem 5: Let f; (SSG) where f5(t) is an arbitrary positive function of t >
0. Then, under the model (1),

E[(f3—r)255n]—w [f3( —r)z(l—x)], where x is a beta

random variable with parameters 2](I —1)and %](K - 1)U -1).

Proof: Let v, = é](z —1),v, = %](K— DI - 1), u, = STSE,u,T = iﬁ,w =

A

—. For all random variables u, and u, are distributed

UetUg
independently as a chi-square random variable with degrees of freedom J(I —
1) and J(K —1)(I —1), respectively. And thus, @w has a chi-square
distribution with degree of freedom JK(I — 1), x has a beta random variable
with parameters %](1 —1) and %](K —1)(I — 1). And @ and x are distributed

independently.

U, +u; and x =

therefore,

SSe __ TelUe UetlUp T( Ue )(ue+un)

SSp ‘tnu,-, "Uetug Uty U
u6+un
where = (—) and x = , then
(1-x) U UetUp
— — 2 —
Peo LS00 g5 = IO _ g (1 - xyp = HI0
wo (-0 oSS mx telorm) "
thus,

E[(fs = 1)28S,] = E[fs(= — 1)’ tr(1 — X)w]
= T E@)E{fs (2= - )11 - 0) 3

and,

B (@) = T (e + ) = ToF |25+ 22| = 7, [£ 4 22

Te T

=, [ 4+ D) = (Kof + 02)K U - 1)

Te

2(1— 20q_ 2
_ (I]Kae(l T) n 0'62)]1{(1 _ 1) _ (06(1 :)+Ta€)]K(I _ 1)

riJK
2 _
1, E(w) = w then we have
. 2K (1-1
E[(F; — 1)25S,] = PV plp (X — 1y2(1 - 0)]

Theorem 6: For model (1), let 7, be an arbitrary type 4 estimator of r, and let
0, and 54;abc be the corresponding Type 4 estimators of 8 and 0,,. (a =
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1,..; b=1,..,J; c=1,..,K). Then, if E(64.1,1) €Xsists,
TB(6,,0) =0 (11)
Where 0= (9111, ) QI]K)T.

Theorem 7: For model (1), let 7;, be an arbitrary type 4 estimator of r, and let
04,044 and fla,q(p) b€ the corresponding type 4 estimators of 8, 64, and
Th0(b) (a=1,...I; b=1,..J; c=1,..,K). Then,

. —~ ~ 2
(I) TMSE;(OAL' 0) = IJK Zfz:l Z{;:l Zé{:l E(94;abc - 94;abc)
= IJK MSE(94;abc' 94;abc) (12)

o?[r(IK-1)-1]

(”) MSE(§4;abCl eabc) = MSE (ﬁ-él»;l(l)' T[l(l)) + 12K (13)

Proof: (ii)

MSE(éAL;abc' gabc) = E[étl;abc - 19abc]2 = E[E.bc + 7,7-\-4;a(b) - ﬁabc]z
=E[0+Ap + T )+ Be + (AB)pe + Epe + Rasapy — (0 + Ap + oy +
Bc + (AB)bc)]z
= E[( ) + €pc)* + 2(T ) + €pc) (B a0 — Ta)) + (Ra;aw) — T[a(b))z]
Since E[(%4, a) — na(b))z = MSE (R4, aw) Taw)), We get

o?[r(IK—1)-1]

- T + MSE(ﬁ-‘l- ;a(b)r T[a(b)) ,then

! o
MSE (B4saper Onape) = MSE (g ) miqry) + LD

rI’K

Unconditional Properties of Type 1 Estimators

Theorem 8: For model (1), let #; be an arbitrary type 1 estimator of r, and let
fl1,qp) D€ the corresponding type 4 estimators of myyy (a=1,..,1;b =
1,...,]). Then,

If 1> 3,E[|fram)|] < o

Proof: For any random variable x, we have that

1
E[lx]] < [E(x®)]2 (14)
Inequality (14) is a special case of Holder's inequality. Note that

[|ﬁ1;a(b)|] = E[|1 —#|. |f_lab. - E.b.“ <

iff E[#|hap, — b |] < o0. Thus, using (14),
S
hap. — E.b.l] < {E [7”12 (Eab. — }_l.b.)z]}z

1. ' - 1
- ULK a=1 Z{)zl {E [7"12 (hab. - h.b.)z]}z = ULK{E[rleS,T]}E

E[#
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1

el () ssa])” = el 5]

_ 1 ((1&\ZJ(K-1)I-D)(IJK—]K-1]-]+2)
=K {( ) = } < o] > 3. (15)

1
2

Theorem 9: For model (1), let z be an arbitrary positive constant and let
T1ap D€ the corresponding type 1 estimators of myyp(a=1,..,1;b =
1,...,]). Then,

MSE (1 sy ) = =2 1A -0 - D] + 1} +

ofr (z2J(K—1)(I-1)(IJK—JK— IK -J+2) B B _
IJK{ J(1-3) 2zJ (K 1)(1 1) +J( 1)}

(16)

Proof: : For model (1), let # =7, and fi,), be the corresponding
untruncated estimators of r and m, ,.,), respectively, we get

MSE (1,a() Ta(v)) = E[ftya0) — Ta]”
=E[(1-7 tr- T)Ehab. —hp)— 7Ea(b)]
=E[(1 - r)(hab. - h.b.) + (7 - T) (hab. b) Ta)]?
since gy = [(1 — 7)(hap. — hyp,), then
. 2 . — — N2
= E[(faw) — Tawy) + (F = 1)*(hap. — hp)"]
) . R 2
since MSE(R oy Taw)) = E(Raw) — Taw)) We get
~ N - - 2
= MSE (Ra(w) Ta@)) + E(F = 1)?(hap, = hp)
by symmetry we get

= MSE(Ra@p) Taw) + 7= E[(F — 1)2SS,]

1JK

. sse 2 552
E[(F —1)?SS,] = E [ e r) SS,I] = 722E (E) — 22rE(SS.) +

r2E(SS,)
2 — — K —]]—
= o {HLEREDIIEITD _ 92)(k - 1)U - 1)+ - D}
J(-3)
(1-1)
and MSE (o), Ta)) = {2 [(1 = )1 = 1) + 11}
then, we get

MSE (Rt s Tay) = 22 210 -0 - D] + 1) +

o2r (z2J(K-1)(I-1)(IJK—JK— 1] J+2) _ _ _
UK{ s —2zJ(K = DU - 1) + (I - 1)}

theorem (2) and (9) can be used to obtain expression for MSEs of untruncated
estimators of an arbitrary linear combination of
9, 7-[1(1), e ,T[I(]), Al’ e ,A], Bl’ eey BK and (AB)ll' ey (AB)]K

Corollary 2: For model (1), let z be an arbitrary positive constant and let

él,z;abc be the corresponding type 1 estimators of O,,.(a=1,..,I;b =
1,..,;c=1,..,K). Then,
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MSE (B aver Bave) = {2 =)A= DI+ 1} + L[z (K - DU -

r

z(JK-JK=1]-]+2) [r(IK-1)—1]
(D) ) ¢ @

Proof: From theorems (2) and ( 7 (ii)), we have that

MSE(glz ;aber eabc) Ue 4o r){ [(1 - T)(I - 1)] + 1} +

oZr (z*J(K-1)(I-1)(IJK~ ]K 1j-j+2) B B B
I]K{ -3 2zJ(K-1)U-1)+]U 1)}+

o2[r(IK—1)-1]
rI?K

{(1rr) M+A-rU -]+ [z](K — DU -1) (z(I]K_]](I;r__g_HZ) ~

T IK

)+](I— 1)] ‘r(IK 1) 1}

Ji-3)
(IJK=]K~1]~=]+2)
constant and let 6, ,.,,. be the corresponding type 1 estimators of 6,,.(a =
1,...; b=1,..,J;c=1,..,K). Then,

Corollary 3: For model (1), let z* = be an arbitrary positive

MSE(TTlZ (a)b'n(a)b) UE S r){ [(1 T')(I - 1)] + 1} +

oér (z2J(K-DU-1)(IJK—]K- 11 J+2) _ _ _ _
UK{ s 22J(K - 1)U -1 +JU - D} (18)

Proof: from theorem (9), we have that

%)
MSE(an (@b T@p) = 2L [ -nU - D]+ 1} +
Aq NGNS - 1+z)}

JK J(1-3)

% 1)
MSE (100 Tapp) = =2 {2 [(1 =) = D] + 1} +
cirf(__Ju- ) [1<1< DU-DWR=K-1j-132) _

IJK (\(IJK—=]JK-1]—-]+2) J(I-3)

2 (G )k - na -+ - o)} = 2L a-na-

(IJK-JK- 1] J+2)

oZr ([J(K-=1)(I-1)](I-3) J(K-1)(I-1)J(I-3) :
DI+ 1} 1JK {[(UK —JK-1]=]+2) 2((I]K —JK~1]- 1+2)) P AG 1)]} -

o2 (1-1) Ny ofr ([ J&-D(-1)](-3)
K r { [(1 T)(I 1)] + 1}+I]K{ (IJK=JK-1]—]+2) +](I 1)]}

=280 - - D]+ 1} +
o¢r {[_](K D- 1)](1—3)+](1—1)(I]K—JK—U—J+2)]}
IJK (IJK-JK-1]-]+2)

2D na - D1+ 1)+ )

Unconditional Properties of Type 2 Estimators

Theorem 10: For model (1), let A, be an arbitrary type 2 estimator of H
Then, if I > 2, H,estimates H unbiasedly.
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Proof: Let 7,14y and 7, be the corresponding type 2 estimators of . and

r, respectively. Let #; be the corresponding type 1 estimators of r ,this mean
that 7,'\‘2 = min {7/'\'2, 1}

According to corollary 2.1 H, estimates H unbiased at n > 2. But we
remained prove that E[|#,,4»)|] < 0. By using (3.11), note that

E[lﬁ'z;a(b)l] < oo iff E[f2|ﬁab. — Flb“ < o0. We get

E[y|hap. — hp|] < E[F1|hap. — hp |-

Theorem 3.: For model (1), let 75 be an arbitrary type 2 estimator r. Take
7/’\'@ = min_{f's, 1},_ and let ﬁ&;a(b) = (1 - fS)(hab. - hb) and ﬁy;a(b) =
(1—-%)(hap, — hp). (a=1,..,b=1,..,]). Then,

E [(ﬁwa(b) - ”a(b))z] <E [(ﬁs;a(m - 7Ta(b>)2] (19)
With strict inequality if P(75 > 1) > 0 and E [(Ry,a0) = Tagny) | = oo.
Proof: If |(Zs,a) — Taw)) | = o, then inequality (14) is hold.

If E [(ﬁ&.a(b) — na(b))z] < oo then using Theorem (4),
~ A~ 1 N
MSE(TTy;a(b) - na(b)) = MSE(T[a(b))T[a(b)) + I]_KE[(ry — T)ZSSTL-] , and
A~ A~ 1 a
MSE(TL'&a(b) - T[a(b)) = MSE(T[a(b),Tl'a(b)) + —E[(T'S - T')ZSST[] , We get

IJK
=~ AE[(f, = 1)2SSe] = EI(F5 — )25}
= E{(#? — 2rf, + 12)SS, — (f# — 2rf5 + 12)SS,}
= E{(#2 — ## — 2r (%, + 5)SS,}

= E{(1 — 1 — 2(1 + 75)SS,|fs > 1}P(f5 > 1)

= E{(1 — 7} — 2r(1 + 75)SSy|fs > 1}P(Fs > 1)
= E{(1 — #})SS,|fs > 1}P(fs > 1) < 0.

Theorem 12: For model (1), let 7, be an arbitrary type 2 estimator of r, and
let 72,1y be the corresponding type 2 estimators of ,;y. Then,

~ _gé(1-1) J(-1) J(K-1)(I-1)
MSE(TL'z;a(b), T[a(b)) = Tk + (1 - T)Z m - ZTZZwlt(UE +

2 JK-DU-D[JU-D(K-1)+1

]
1,v;) + 1%z D)2 I(ve+2,v,—1)—(1—
Ja-1) _
Zr) JK(I-1) IC(UE’ Un 1)
(20)

Proof: using theories (4) and (5), we have #, = 7, , = min {z%, 1}
N N 2jk(a—-1) ) rx
MSE (R2,a(v) Ta()) = MSE(Raqp) Tagwy) + = —E[(min {—, 1} —
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(1 -x)],

since X is a beta random variable with parameters v, = JEDa-1)

](1 D

and v, =

,and put x = 1— we have

E [ m1n — 1 — r)2 (1- x)] =E[r?z?x*>(1 —x)™' = 2r?zx +
r?z(1 — x) + (1 —2r)(1 —x)]
— 72 fol xVe (1 — x)(””“)_ldx — 22, fotx(ve+1)—1 (1 — x)"ldx +

2,2 fotx(v5+2)—1(1 — x)(””_l)_ldx +(1-27) ftl xVe1(1 — x)(vﬂ"'l)_ldx
=?-2r+1) fol xVe™1(1 — x) Wt D=1y — 2p27 fotx(”'f“)‘l (1-
x)Vntdx + r?z? fotx("e’fz)‘l(l — x)@e=D=1dx — (1 — 27) fot xVe71(1 -
x)(vn+1)—1dx
=(1- r)z n__ 2p? Z —I,(ve + 1,v,) + 1222
2,v;,— 1) — (1 - Zr) It(ve, v, — 1)

T

e(Vet+1)
Vel )It(ve +

(Wr—1D) ety

JK(I-1)

2, JK=DU-1) 2.2 JE=-DU-D[J(K-1)UI-1)+1] _
2r AT ]f,t(f; +1,v,) +r°z 2017 (Ve + 2,0,
1) - (1 -2 20 (v, — 1) (21)
CONCLUSION

In the unconditional properties of repeated measurements model we have the
following conclusions:

a. The type 4 estimators are unbiased, means that the other types are
unbiased estimators, and also, if E(fi4()) exists, H,estimators H
unbiaseedly.

b.  MSE(H,H)=

Yl -1+ XL Y 202 -

I]K
#)2(1 - DA = IN+ XL re2 (K - 1) + ¥ SK ree2)(K — 1)(J -
1]
C. MSE (R 4,0ty Taw)) = MSE(Ra@) Taw)) + —= E[(F — 1)255,]

IJK
o2(1-7) 1
=———+—E[(fy — 1)?SS;]

R - 2
d. TMSE(84,6) = K Xom1 Tpey Xt E(Buanc — Oaianc)
=1IJK MSE(94;111; 94;111)

[r(IK-1)-1
€. MSE(94 .abcr 94 abc) MSE(T[4 1(1) 7‘[1(1)) + r?‘T]

f. MSE(Ry@p Tap) = =2 210 -0 - D]+ 1} +
ﬁ{zzj(x DU-DUJK-JK-1]-]+2) 22J(K = 1D)(I = 1)+ J(I — 1)}

1JK J(I-3)
Ja-1)
0. MSE(Rya0) Tam) = A= T

o? (1 T)
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ZrZZJ(K_l)(I_l) K-DU-DJU-D(K-1)+1

(v, + 1,v,) + 12221 ]It(ve +2,v; —

JK(I-1) KJj2(1-1)2
J(I-1)
1) - (1 - 27‘) TK(I-1) It(ve:vrr - 1)
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