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ABSTRACT 

We have four types of estimators of repeated measurements model and obtained these 

estimators by maximum likelihood method (MLM), restricted maximum likelihood method 

(REMLM) and modified restricted maximum likelihood method (MREMLM)(see [8] and 

[9]). In this paper, we study the unconditional properties of the repeated measures model of 

the four unbiased types. 

 

INTRODUCTION 

Repeated measurements are a concept that describes data in which the 

outcome variable is measured several times and under varying experimental 

conditions within each experimental device.  Data from repeated measures is a 

typical type of multivariate data and associated error linear models that are 

commonly used in the simulation of data from repeated measures.  Analysis of 

repeated measurements deals with reaction effects evaluated at various times 

or under different conditions on the same experimental unit. In many areas, 

such as health and life sciences, epidemiology, biomedical, environmental, 

manufacturing, psychological, educational studies, and so on, repeated 

measurement analysis is widely used. [7], [9], [11], [12], [13]. 

 

Many studies have explored the repeated measurements model. for example: 

Vonesh and Chinchilli (1997) discussed the univariate repeated measurements 

model, analysis of variance model,[12]. Al-Mouel (2004) studied the 
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multivariate repeated measures models and comparison of estimators, [1]. Al-

Mouel and Wang (2004) they studied the asymptotic expansion of the 

sphericity test for the one-way multivariate repeated measurements analysis of 

the variance model, [6]. AL-Mouel and Mustafa, in (2014) studied the 

sphericity test for one-way Multivariate Repeated Measurements Analysis of 

variance mode, [3] . AL-Mouel, and Naji, in (2014) devoted to study of one-

way Multivariate repeated measurements analysis of covariance model, [4]. 

AL-Mouel and Hassan in (2016) estimate the repeated measurement model 

parameters by using maximum likelihood method, [5]. AL-Mouel and Kori in 

(2021) studied estimating the parameters of the repeated measurement model 

in two cases: conditional and unconditional, [2]. In this paper, we have five 

types of estimators of repeated measurements model, we obtained these 

estimators by maximum likelihood method (MLM), restricted maximum 

likelihood method (REMLM) and modified restricted maximum likelihood 

method (MREMLM). Our study focused on studying the unconditional 

properties of the four types of estimators. 

 

Setting Up the Model 

 

The repeated measurement model can be summarized as following: 

 

ℎabc = 𝜃 + A𝑏 + 𝜋𝑎(𝑏)+ B𝑐 + (AB)𝑏𝑐+ 𝜖𝑎𝑏𝑐                                                                 

(1) 

 

where 

𝑎 = 1, … , 𝐼 "is an index for experimental unit within group (b)", 

𝑏 = 1, … , 𝐽 "is an index for levels of the between-units factor (Group)", 

𝑐 = 1, … , 𝐾 "is an index for levels of the within-units factor (Time)", 

ℎabc : "is the response measurement at time (c) for unit (a) within group (b)", 

𝜃 : "is the overall mean", 

A𝑏 : "is the added effect for treatment group (b)", 

𝜋𝑎(𝑏):"is the random effect for due to experimental unit (𝑎) within treatment 

group(𝑏)", 

B𝑐 : "is the added effect for time (𝑐)", 

(AB)𝑏𝑐 : "is the added effect for the group (𝑏)  × time (𝑐) interaction", 

𝜖𝑎𝑏𝑐: "is the random error on time (𝑐) for unit (𝑎) within group (𝑏)". 

For the parameterization to be of full rank, we imposed the following 

set of conditions: 

 

∑ A𝑏
𝐽
𝑏=1 = 0;  ∑ B𝑐

𝐾
𝑐=1 = 0;   ∑ (AB)𝑏𝑐

𝐽
𝑏=1 = 0  for each c = 1,…, K; 

 

∑ (AB)𝑏𝑐
𝐾
𝑐=1 = 0  for each b = 1,…, J. 

 

and let, the 𝜖𝑎𝑏𝑐 and 𝜋𝑎(𝑏)are independent with  

 

𝜖𝑎𝑏𝑐 𝑖. 𝑖. 𝑑 ~𝑁(0, 𝜎𝜖
2)  and 𝜋𝑎(𝑏) 𝑖. 𝑖. 𝑑 ~𝑁(0, 𝜎π

2)                                    (2) 

 

The sum of squares due to groups, subjects group, time, group × time and 

residuals are then defined respectively as follows: 
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𝑆𝑆𝐴 = 𝐼𝐾 ∑ (ℎ̅.𝑏. − ℎ̅…)2, 𝑆𝑆𝜋 = 𝐾 ∑ ∑ (𝐽
𝑏=1

𝐼
𝑎=1

𝐾
𝑏=1 ℎ̅𝑎𝑏. − ℎ̅.𝑏.)

2  

 

𝑆𝑆𝐵 = 𝐼𝐽 ∑ (ℎ̅..𝑐 − ℎ̅…)2𝐾
𝑐=1 , 𝑆𝑆𝐴×𝐵 = 𝐼 ∑ ∑ (𝐾

𝑐=1
𝐽
𝑏=1 ℎ̅.𝑏𝑐 − ℎ̅.𝑏. − ℎ̅..𝑐 + ℎ̅…)2 

 

𝑆𝑆𝜖 = ∑ ∑ ∑ (ℎ̅𝑎𝑏𝑐 − ℎ̅.𝑏𝑐 − ℎ𝑎𝑏. + ℎ̅.𝑏.)
2𝐾

𝑐=1
𝐽
𝑏=1

𝐼
𝑎=1   

 

where 

ℎ̅… =
1

𝐼𝐽𝐾
∑ ∑ ∑ ℎ𝑎𝑏𝑐

𝐾
𝑘=1

𝐽
𝑗=1

𝐼
𝑖=1   : the overall mean. 

ℎ̅.𝑏. =
1

𝐼𝐽
∑ ∑ 𝑦𝑎𝑏𝑐

𝐾
𝑐=1

𝐼
𝑖=1  : the mean for group (b). 

ℎ̅𝑎𝑏. =
1

𝐾
∑ ℎ𝑎𝑏𝑐

𝐾
𝑐=1   : the mean for ath subject within group (b). 

ℎ̅..𝑐 =
1

𝐼𝐽
∑ ∑ ℎ𝑎𝑏𝑐

𝐽
𝑗=1

𝐼
𝑖=1  : the mean for time (c). 

ℎ̅.𝑏𝑐 =
1

𝐼
∑ ℎ𝑎𝑏𝑐

𝐼
𝑎=1  : the mean for group (b) at time (c). 

Let 

 

 𝜃𝑎𝑏𝑐 =  𝜃 + A𝑏 + 𝜋𝑎(𝑏)+ B𝑐 + (AB)𝑏𝑐                                              (3) 

 

represent the mean of time (c) for unit (𝑎) within group (𝑏). 

and, let  

 

𝐻 =  ℓ0𝜃 + ∑ ℓ𝑏𝐴𝑏
𝐽
𝑏=1 + ∑ ∑ ℓ𝑎ℓ𝑏

𝐽
𝑏=1

𝐼
𝑎=1 𝜋𝑎(𝑏) + ∑ ℓ𝑐𝐵𝑐

𝐾
𝑐=1 +  

∑ ∑ ℓ𝑏ℓ𝑐(𝐴𝐵)𝑏𝑐
𝑘
𝑐=1

𝐽
𝑏=1                                   (4) 

 

an arbitrary linear combination of parameters  𝜃, A1, … , A𝑞, 𝜋1(1), … , 𝜋𝐼(𝐽) , 

B1, … , B𝐾, (AB)11, … , (AB)𝐽𝐾 . 

the best linear unbiased estimators (BLUE's) of the estimable parameters 

 𝜃, 𝐴𝑏, 𝜋𝑎(𝑏), 𝐵𝑐 , (𝐴𝐵)𝑏𝑐and 𝜃𝑎𝑏𝑐 are 𝜃 = ℎ̅…, 𝐴̂𝑏 = ℎ̅.𝑏. − ℎ̅…, 𝜋̂𝑎(𝑏) =

(1 − 𝜂)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.), 𝐵̂𝑐 = ℎ̅..𝑐 − ℎ̅… , (𝐴𝐵̂)
𝑏𝑐

= ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐 and 

𝜃𝑎𝑏𝑐 = (1 − 𝜂)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) + ℎ̅.𝑏𝑐 ,[2] 

where (r) is the rate of expected mean squares, note that 0 < 𝑟 ≤ 1 is known 

iff 𝜎𝜖
2 𝜎π

2⁄  is known. 

By using maximum likelihood estimator (MLE) and related estimators and 

Jeffreys' noninformative prior and proper Bayes estimators, we have five kinds 

as follows: [8] and [9] 

 

Type 1: This type consists of estimators as follows: 

 

𝜃1 = ℎ̅… , 

𝜋̂1; 𝑎(𝑏) = (1 − 𝑟̂)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.), 

𝐴̂1; 𝑏 = 𝐴̂1,𝑧 ; 𝑏 = ℎ̅.𝑏. − ℎ̅..., 

𝐵̂1; 𝑐 = 𝐵̂1,𝑧 ; 𝑐 = ℎ̅..𝑐 − ℎ̅…, 

(𝐴𝐵̂)
1; 𝑏𝑐

= (𝐴𝐵̂)
1,𝑧; 𝑏𝑐

= ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐, 

𝜃1; 𝑎𝑏𝑐 = 𝜃1,𝑧; 𝑎𝑏𝑐 = ℎ̅… + Â1,𝑧; 𝑏  +  𝜋̂1,𝑧; 𝑎(𝑏) +  B̂1,𝑧; 𝑐  +  (AB̂)
1,𝑧;𝑏𝑐

, 

𝜃1,𝑧; 𝑎𝑏𝑐 = ℎ̅.𝑏𝑐 + 𝜋̂1,𝑧; 𝑎(𝑏), 
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And 

 

𝐻̂1 =  ℓ0𝜃 + ∑ ℓ𝑏(ℎ̅.𝑏. − ℎ̅...)
𝐽
𝑏=1 + ∑ ∑ ℓ𝑏ℓ𝑐

𝐽
𝑏=1

𝐼
𝑎=1 [(1 − 𝑟̂)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)]   

+ ∑ ℓ𝑐(ℎ̅..𝑐 − ℎ̅…)𝐾
𝑐=1 + ∑ ∑ ℓ𝑏ℓ𝑐(ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐)𝐾

𝑐=1
𝐽
𝑏=1

          
,   

  

With 

 

𝑟̂1 = 𝑟̂1,𝑧 = 𝑧 
𝑆𝑆𝜖

𝑆𝑆𝜋
.  

 

where (𝑎 = 1, … , 𝐼;  𝑏 = 1, … , 𝐽;  𝑐 = 1, … , 𝐾) and z is an arbitrary positive 

constant. [8] and [9] 

 

Type 2: This type consists of estimators as follows: 

 

𝜃2 = ℎ̅… , 

𝜋̂2; 𝑎(𝑏) = (1 − 𝑟̂)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.), 

𝐴̂2; 𝑏 = 𝐴̂2,𝑧 ; 𝑏 = ℎ̅.𝑏. − ℎ̅..., 

𝐵̂2; 𝑐 = 𝐵̂2,𝑧 ; 𝑐 = ℎ̅..𝑐 − ℎ̅…, 

(𝐴𝐵̂)
2; 𝑏𝑐

= (𝐴𝐵̂)
2,𝑧; 𝑏𝑐

= ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐, 

𝜃2; 𝑎𝑏𝑐 = 𝜃2,𝑧; 𝑎𝑏𝑐 = ℎ̅… + Â2,𝑧; 𝑏  +  𝜋̂2,𝑧; 𝑎(𝑏) +  B̂2,𝑧; 𝑐  +  (AB̂)
2,𝑧;𝑏𝑐

, 

𝜃2,𝑧; 𝑎𝑏𝑐 = ℎ̅.𝑏𝑐 + 𝜋̂2,𝑧; 𝑎(𝑏), 

 

And 

 

𝐻̂1 =  ℓ0𝜃 + ∑ ℓ𝑏(ℎ̅.𝑏. − ℎ̅...)
𝐽
𝑏=1 + ∑ ∑ ℓ𝑏ℓ𝑐

𝐽
𝑏=1

𝐼
𝑎=1 [(1 − 𝑟̂)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)]   

+ ∑ ℓ𝑐(ℎ̅..𝑐 − ℎ̅…)𝐾
𝑐=1 + ∑ ∑ ℓ𝑏ℓ𝑐(ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐)𝐾

𝑐=1
𝐽
𝑏=1

          
,   

  

 

With 

 

𝑟̂2 = 𝑟̂2,𝑧 = min {𝑧
𝑆𝑆𝜖

𝑆𝑆𝜋
, 1},  

 

where (𝑎 = 1, … , 𝐼;  𝑏 = 1, … , 𝐽;  𝑐 = 1, … , 𝐾) and z is an arbitrary positive 

constant. [8] and [9] 

 

Type 3: This type consists of estimators as follows: 

 

𝜃3 = ℎ̅… , 

𝜋̂3; 𝑎(𝑏) = (1 − 𝑟̂)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.), 

𝐴̂3; 𝑏 = 𝐴̂3,𝑧 ; 𝑏 = ℎ̅.𝑏. − ℎ̅..., 

𝐵̂3; 𝑐 = 𝐵̂3,𝑧 ; 𝑐 = ℎ̅..𝑐 − ℎ̅…, 

(𝐴𝐵̂)
3; 𝑏𝑐

= (𝐴𝐵̂)
3,𝑧; 𝑏𝑐

= ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐, 

𝜃3; 𝑎𝑏𝑐 = 𝜃3,𝑧; 𝑎𝑏𝑐 = ℎ̅… + Â3,𝑧; 𝑏  +  𝜋̂3,𝑧; 𝑎(𝑏) +  B̂3,𝑧; 𝑐  +  (AB̂)
3,𝑧;𝑏𝑐

, 

𝜃3,𝑧; 𝑎𝑏𝑐 = ℎ̅.𝑏𝑐 + 𝜋̂3,𝑧; 𝑎(𝑏), 
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And 

 

𝐻̂3 =  ℓ0𝜃 + ∑ ℓ𝑏(ℎ̅.𝑏. − ℎ̅...)
𝐽
𝑏=1 + ∑ ∑ ℓ𝑏ℓ𝑐

𝐽
𝑏=1

𝐼
𝑎=1 [(1 − 𝑟̂)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)]   

+ ∑ ℓ𝑐(ℎ̅..𝑐 − ℎ̅…)𝐾
𝑐=1 + ∑ ∑ ℓ𝑏ℓ𝑐(ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐)𝐾

𝑐=1
𝐽
𝑏=1

          
,   

  

 

With 

 

𝑟̂3 = 𝑟̂3,𝑧 = f3 (𝑆𝑆𝜋, 𝑆𝑆𝜖),  

 

where (𝑎 = 1, … , 𝐼;  𝑏 = 1, … , 𝐽;  𝑐 = 1, … , 𝐾) and f3(𝑥, 𝑦) is an arbitrary 

function of 𝑥, 𝑦 > 0. [8] and [9] 

 

Type 4: This type consists of the following estimators: 

 

𝜃4 = ℎ̅… , 

𝜋̂4; 𝑎(𝑏) = (1 − 𝑟̂)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.), 

𝐴̂4; 𝑏 = 𝐴̂4,𝑧 ; 𝑏 = ℎ̅.𝑏. − ℎ̅..., 

𝐵̂4; 𝑐 = 𝐵̂4,𝑧 ; 𝑐 = ℎ̅..𝑐 − ℎ̅…, 

(𝐴𝐵̂)
4; 𝑏𝑐

= (𝐴𝐵̂)
4,𝑧; 𝑏𝑐

= ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐, 

𝜃4; 𝑎𝑏𝑐 = 𝜃4,𝑧; 𝑎𝑏𝑐 = ℎ̅… +  Â4,𝑧; 𝑏  +  𝜋̂4,𝑧; 𝑎(𝑏) + B̂4,𝑧; 𝑐  +  (AB̂)
4,𝑧;𝑏𝑐

, 

𝜃4,𝑧; 𝑎𝑏𝑐 = ℎ̅.𝑏𝑐 + 𝜋̂4,𝑧; 𝑎(𝑏), 

 

And 

 

𝐻̂4 =  ℓ0𝜃 + ∑ ℓ𝑏(ℎ̅.𝑏. − ℎ̅...)
𝐽
𝑏=1 + ∑ ∑ ℓ𝑏ℓ𝑐

𝐽
𝑏=1

𝐼
𝑎=1 [(1 − 𝑟̂)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)]   

+ ∑ ℓ𝑐(ℎ̅..𝑐 − ℎ̅…)𝐾
𝑐=1 + ∑ ∑ ℓ𝑏ℓ𝑐(ℎ̅.𝑏𝑐 + ℎ̅… − ℎ̅.𝑏. − ℎ̅..𝑐)𝐾

𝑐=1
𝐽
𝑏=1

          
,   

  

 

With 

 

𝑟̂4 = 𝑟̂4, 𝑧 = f4 (
𝑆𝑆𝜖

𝑆𝑆𝜋
),  

 

where (𝑖 = 1, … , 𝑛, 𝑗 = 1, … , 𝑞, 𝑘 = 1, … , 𝑞) and f4(𝑥1, 𝑥2) is an arbitrary 

positive function of 𝑥1 > 0 and 𝑥2 > 0. [8] and [9]  

 

Unconditional Properties of Type 4 And 3 Estimators 

 

Theorem 1: For model (2.1), let 𝑟̂4 be an arbitrary Type 4 estimator of  𝑟 and 

let 𝜃4, 𝐴̂4; 𝑏, 𝜋̂4; 𝑎(𝑏), 𝐵̂4; 𝑐 and (𝐴𝐵̂)
4; 𝑏𝑐

 be the corresponding Type 4 

estimators of 𝜃, 𝐴𝑏, 𝜋𝑎(𝑏), 𝐵𝑐  𝑎𝑛𝑑 (𝐴𝐵)𝑏𝑐 respectively, (𝑎 = 1, … , 𝐼;  𝑏 =

1, … , 𝐽, 𝑐 = 1, … , 𝐾). If the expectations of 𝜃4, 𝐴̂4; 𝑏, 𝜋̂4; 𝑎(𝑏), 𝐵̂4; 𝑐 and 

(𝐴𝐵̂)
4; 𝑏𝑐

 exists, then 𝜃4, 𝐴̂4; 𝑏, 𝜋̂4; 𝑎(𝑏), 𝐵̂4; 𝑐 and (𝐴𝐵̂)
4; 𝑏𝑐

 estimates 

𝜃, 𝐴𝑏, 𝜋𝑎(𝑏), 𝐵𝑐  𝑎𝑛𝑑 (𝐴𝐵)𝑏𝑐 respectively are unbiased.  
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Proof: 

 

Since 𝜃4 = ℎ̅… → 𝐸(𝜃4) = 𝐸(ℎ̅…) and since 𝐸(ℎ̅…) =

𝐸(
1

𝐼𝐽𝐾
∑ ∑ ∑ ℎ𝑎𝑏𝑐

𝐾
𝑐=1

𝐽
𝑏=1

𝐼
𝑎=1 ) 

 

 , then  𝐸(𝜃4) = 𝐸(
1

𝐼𝐽𝐾
∑ ∑ ∑ ℎ𝑎𝑏𝑐

𝐾
𝑐=1

𝐽
𝑏=1

𝐼
𝑎=1 ), 

 

by assumptions of this model we get 

 

𝐸(𝜃4) =
1

𝐼𝐽𝐾
(𝐼𝐽𝐾 θ) = θ , we get 𝜃4 is unbiased estimator of  θ, 

Since 𝐴̂4; 𝑏 = ℎ̅.𝑏. − ℎ̅…, → 𝐸(𝐴̂4; 𝑏) = 𝐸(ℎ̅.𝑏. − ℎ̅…) = 𝐸(ℎ̅.𝑏.) − 𝐸(ℎ̅…) and 

 𝐸(θ̂)  = ℎ̅…, we get 

𝐸(𝐴̂4; 𝑏) = 𝐸(ℎ̅.𝑏.) − θ = 𝐸 (
1

𝐼𝐾
∑ ∑ ℎ𝑎𝑏𝑐

𝐾
𝑐=1

𝐼
𝑎=1 ) − θ  

 

by assumptions of this model we get  

 

𝐸(𝐴̂4; 𝑏) =
1

𝐼𝐾
(𝐼𝐾𝜃 + 𝐼𝐾A𝑏) − 𝜃 → 𝐸(𝐴̂4; 𝑏) = A𝑏 , we get 𝐴̂4; 𝑏 is unbiased 

estimator of A𝑏, 

 

In the same way, it can be concluded that the remaining parameters  

 

𝐸(𝜋̂4; 𝑎(𝑏)) = 𝐸(𝜋𝑎(𝑏)), 𝐸(𝐵̂4; 𝑐) = B𝑐  and 𝐸 ((𝐴𝐵̂)
4; 𝑏𝑐

) = (AB)𝑏𝑐 are 

unbiased. 

 

Corollary 1: For model (1), Let 𝑟̂4 be an arbitrary Type 4 estimator of  𝑟, and 

let  𝐻̂4 and 𝜋̂4;1(1) be the corresponding type 4 estimators of H and 𝜋1(1). 

Then, if 𝐸(𝜋̂4;1(1)) exsists, 𝐻̂4estimators 𝐻 unbiaseedly. 

 

Proof: 

 

𝐻̂4 =  ℓ0𝜃 + ∑ ℓ𝑏𝐴̂4,𝑧; 𝑏
𝐽
𝑏=1 + ∑ ∑ ℓ𝑎ℓ𝑏

𝐽
𝑏=1

𝐼
𝑎=1 𝜋̂4,𝑧 ; 𝑎(𝑏) + ∑ ℓ𝑐𝐵̂4,𝑧; 𝑐

𝐾
𝑐=1 +

∑ ∑ ℓ𝑏ℓ𝑘(𝐴𝐵̂)
4,𝑧;𝑏𝑐 

𝐾
𝑐=1

𝐽
𝑏=1   

 

𝐸(𝐻̂4) =  𝐸(ℓ0𝜃 + ∑ ℓ𝑏𝐴̂4,𝑧; 𝑏
𝐽
𝑏=1 + ∑ ∑ ℓ𝑎ℓ𝑏

𝐽
𝑏=1

𝐼
𝑎=1 𝜋̂4,𝑧 ; 𝑎(𝑏) +

∑ ℓ𝑐𝐵̂4,𝑧; 𝑐
𝐾
𝑐=1 + ∑ ∑ ℓ𝑏ℓ𝑐(𝐴𝐵̂)

4,𝑧;𝑏𝑐 
𝐾
𝑐=1

𝐽
𝑏=1 )  

 

= ℓ0𝜃 + ∑ ℓ𝑏𝐴4,𝑧; 𝑏
𝐽
𝑏=1 + ∑ ∑ ℓ𝑎ℓ𝑏

𝐽
𝑏=1

𝐼
𝑎=1 𝜋4,𝑧 ; 𝑎(𝑏) + ∑ ℓ𝑐𝐵4,𝑧; 𝑐

𝐾
𝑐=1 +

∑ ∑ ℓ𝑏ℓ𝑐(𝐴𝐵)4,𝑧;𝑏𝑐 
𝐾
𝑐=1

𝐽
𝑏=1  = 𝐻 

 

which include that the estimators of H  in corollary (3.1) of type 1, 2, 3 and 4 

are unbiased. 

 

Lemma 3.1: Let 𝑟̂4 be an arbitrary type 4 estimator of  𝑟, and let  𝜋̂4;𝑎(𝑏) be the 

corresponding type 4 estimators of 𝜋𝑎(𝑏) (𝑎 = 1, … , 𝐼; 𝑏 = 1, … , 𝐽). Then 
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under model (1), 

 

𝐸[(ℎ̅… − 𝜃)(𝜋̂4;𝑎(𝑏) − 𝜋𝑎(𝑏))] = −
𝜎𝜋

2

𝐼𝐽
= −

𝜎𝜖
2(1−𝑟)

𝐼𝐽𝐾
                                  (5) 

 

Proof:  

 

𝐸[(ℎ̅… − 𝜃)(𝜋̂4;𝑎(𝑏) − 𝜋𝑎(𝑏))] = 𝐸[(ℎ̅… − 𝜃)𝜋̂4;𝑎(𝑏) − (ℎ̅… − 𝜃)(−𝜋𝑎(𝑏))]  

by symmetry we get 

 

𝐸[(ℎ̅… − 𝜃)𝜋̂4;𝑎(𝑏)] =
1

𝐼𝐽
𝐸[(ℎ̅… − 𝜃) ∑ ∑ 𝜋̂4;𝑎(𝑏)𝑏𝑎 ] = 0  

 

and hence 

 

𝐸[(ℎ̅… − 𝜃)(𝜋̂4;𝑎(𝑏) − 𝜋𝑎(𝑏))] = −𝐸[(ℎ̅… − 𝜃)𝜋𝑎(𝑏)] = −𝐸[(𝜃 + 𝐴̅. + 𝜋̅.(.) +

𝐵̅. + (𝐴𝐵̅̅ ̅̅
.) + 𝜖…̅ − 𝜃)𝜋𝑎(𝑏)] =  

−𝐸([(𝜃 +
1

𝐽
∑ 𝐴𝑏

𝐽
𝑏=1 +

1

𝐼𝐽
∑ ∑ 𝜋𝑎(𝑏)

𝐽
𝑏=1

𝐼
𝑎=1 +

1

𝐾
∑ 𝐵𝑐

𝐾
𝑐=1 +

1

𝐽𝐾
∑ ∑ (𝐴𝐵)𝑏𝑐

𝐾
𝑐=1

𝐽
𝑏=1 + 𝜖…̅ − 𝜃) 𝜋𝑎(𝑏)]  

 

by assumption of model (1) we have, 

 

𝐸[(ℎ̅… − 𝜃)(𝜋̂4;𝑎(𝑏) − 𝜋𝑎(𝑏))] = −𝐸[(𝜋̅.(.) + 𝜖…)𝜋𝑎(𝑏)] = −𝐸[𝜋̅.(.)𝜋𝑎(𝑏)]  

∴ 𝐸[(ℎ̅… − 𝜃)(𝜋̂4;𝑎(𝑏) − 𝜋𝑎(𝑏))] = −
𝜎𝜋

2

𝐼𝐽
  

 

and  

 

−
𝜎𝜖

2(1−𝑟)

𝑟𝐼𝐽𝐾
= −

𝜎𝑒
2(1− 

𝜎𝜖
2

𝐾𝜎𝜋
2 +𝜎𝜖

2)

𝐼𝐽𝐾𝜎𝑒
2

𝐾𝜎𝜋
2 +𝜎𝜖

2

= −

𝐾𝜎𝜋
2

𝐾𝜎𝜋
2 +𝜎𝜖

2

𝐼𝐽𝐾

𝐾𝜎𝜋
2 +𝜎𝜖

2

= −
𝐾𝜎𝜋

2

𝐼𝐽𝐾
= −

𝜎𝜋
2

𝐼𝐽
  

∴ 𝐸[(ℎ̅… − 𝜃)(𝜋̂4;𝑎(𝑏) − 𝜋𝑎(𝑏))] = −
𝜎𝜋

2

𝐼𝐽
= −

𝜎𝜖
2(1−𝑟)

𝑟𝐼𝐽𝐾
  

 

Lemma 2: Let 𝑟̂4 be an arbitrary type 4 estimator of  𝑟, and let  𝜋̂4;𝑎(𝑏) be the 

corresponding type 4 estimators of 𝜋𝑎(𝑏) (𝑎 = 1, … , 𝐼; 𝑏 = 1, … 𝐽). Then under 

the model  (1), 

 

𝐸 [(𝜋̂4;𝑎(𝑏) − 𝜋𝑎(𝑏)) (𝜋̂4;𝑎′(𝑏′) − 𝜋𝑎′(𝑏′))] = (
1

(𝐼−1)(𝐽−1)
[

𝜎𝜖
2(1−𝑟)

𝑟𝐼𝐾
−

𝑀𝑆𝐸(𝜋̂4;1(1) − 𝜋1(1)])   , (𝑎 > 𝑎′ = 1, … , 𝐼; 𝑏 > 𝑏′ = 1, … 𝐽).     

                                (6) 

Proof: Let 𝑟̂ = 𝑟̂4 and 𝜋̂𝑎(𝑏) = 𝜋̂4;𝑎(𝑏) by symmetry, we get 

 

𝐸 [(𝜋̂𝑎(𝑏) − 𝜋𝑎(𝑏)) (𝜋̂𝑎′(𝑏′) − 𝜋𝑎′(𝑏′))] =
1

(𝐼−1)(𝐽−1)
∑ ∑ 𝐸 [(𝜋̂𝑎(𝑏) −𝑏=1

𝑏≠𝑏′ 
𝑎=1

𝑎≠𝑎′ 

𝜋𝑎(𝑏)) (𝜋̂𝑎′(𝑏′) − 𝜋𝑎′(𝑏′))]  

=
1

(𝐼−1)(𝐽−1)
∑ 𝐸 [(𝜋̂𝑎(𝑏) − 𝜋𝑎(𝑏)) (𝜋̂𝑎′(𝑏′) − 𝜋𝑎′(𝑏′))]𝑛

𝑎=1 −
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1

(𝐼−1)(𝐽−1)
𝐸 (𝜋̂𝑎′(𝑏′) − 𝜋𝑎′(𝑏′))

2
  

=
1

(𝐼−1)(𝐽−1)
{𝐸[(1 − 𝑟̂)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)(− ∑ ∑ 𝜋𝑎(𝑏))𝑏𝑎 ][− ∑ ∑ 𝜋𝑎(𝑏)] + 𝜎𝜋

2 −𝑏𝑎

𝑀𝑆𝐸(𝜋̂1(1) − 𝜋1(1)}  

 

by symmetry, we have 

 

𝐸[(1 − 𝑟̂)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)(− ∑ ∑ 𝜋𝑎(𝑏))𝑏𝑎 ] = −
1

𝐼𝐽
∑ ∑ 𝐸[((1 − 𝑟̂)(ℎ̅𝑎𝑏. −𝑏𝑎

ℎ̅.𝑏.)(∑ ∑ 𝜋𝑎(𝑏))𝑏𝑎 ) = 0. 

= 𝜎𝜋
2 − 𝑀𝑆𝐸(𝜋̂1(1) − 𝜋1(1))   

 

since 
𝜎𝜋

2

𝐼𝐽
=

𝜎𝜖
2(1−𝑟)

𝑟𝐼𝐽𝐾
 , we get 

 

𝐸 [(𝜋̂4;𝑎(𝑏) − 𝜋𝑎(𝑏)) (𝜋̂4;𝑎′(𝑏′) − 𝜋𝑎′(𝑏′))] = (
1

(𝐼−1)(𝐽−1)
[

𝜎𝜖
2(1−𝑟)

𝑟𝐼𝐾
−

𝑀𝑆𝐸(𝜋̂4;1(1) − 𝜋1(1)])   , (𝑎 > 𝑎′ = 1, … , 𝐼; 𝑏 > 𝑏′ = 1, … 𝐽). 

 

Theorem 2: For model (1), let 𝑟̂4 be an arbitrary type 4 estimator of  𝑟, and let 

𝐻̂4 and 𝜋̂4;1(1) be the corresponding type 4 estimators of H and 𝜋1(1). Then, 

 

𝑀𝑆𝐸(𝐻̂4, 𝐻) =
𝜎𝜖

2

𝑟𝐼𝐽𝐾
[ℓ0

2 + ∑ ℓ𝑏
2(𝐼 − 1)𝐽

𝑏=1 + ∑ ∑ ℓ𝑎
2ℓ𝑏

2[(1 − 𝑟̂4)2(𝐼 −𝐽
𝑏=1

𝐼
𝑎=1

1)(1 − 𝐼𝐽)] + ∑ 𝑟ℓ𝑐
2(𝐾 − 1)𝐽

𝑐=1 + ∑ ∑ 𝑟ℓ𝑗
2ℓ𝑐

2𝐽(𝐾 − 1)(𝐽 − 1)𝐾
𝑐=1  𝐽

𝑏=1 ]      (7) 

 

Proof: let  𝐴𝑏 = 𝐴4; 𝑏, 𝐵 𝑐 = 𝐵4,𝑐 , 𝜋̂𝑎(𝑏) = 𝜋̂4 ; 𝑎(𝑏) and (𝐴𝐵) 𝑏𝑐 = (𝐴𝐵)4; 𝑏𝑐we 

get 

 

𝑀𝑆𝐸(𝐻̂4, 𝐻) = 𝑉𝑎𝑟(𝐻̂4 − ℎ) =  

𝑉𝑎𝑟 [(ℓ0ℎ̅… + ∑ ℓ𝑗𝐴̂4,𝑧; 𝑏
𝐽
𝑏=1 + ∑ ∑ ℓ𝑎ℓ𝑏

𝐽
𝑏=1

𝐼
𝑎=1 𝜋̂4,𝑧 ;𝑎(𝑏) + ∑ ℓ𝑐𝐵̂4,𝑧; 𝑐

𝐾
𝑐=1 +

∑ ∑ ℓ𝑏ℓ𝑐(𝐴𝐵̂)
4,𝑧; 𝑏𝑐

𝐾
𝑐=1

𝐽
𝑏=1 ) − (ℓ0𝜃 + ∑ ℓ𝑏𝐴𝑏

𝐽
𝑏=1 + ∑ ∑ ℓ𝑎ℓ𝑏

𝐽
𝑏=1

𝐼
𝑎=1 𝜋𝑎(𝑏) +

∑ ℓ𝑐𝐵𝑐
𝐾
𝑐=1 + ∑ ∑ ℓ𝑏ℓ𝑐(𝐴𝐵)𝑏𝑐

𝐾
𝑐=1

𝐽
𝑏=1 )]  

= 𝑉𝑎𝑟[ℓ0(𝜃 − 𝜃) + ∑ ℓ𝑏(𝐴̂4; 𝑏
𝐽
𝑏=1 − 𝐴𝑏) + ∑ ∑ ℓ𝑎ℓ𝑏(𝜋̂4 ; 𝑎(𝑏) −𝐽

𝑏=1
𝐼
𝑎=1

𝜋𝑎(𝑏)) + ∑ ℓ𝑐(𝐵̂4; 𝑐 − 𝐵𝑐) + ∑ ∑ ℓ𝑏ℓ𝑐((𝐴𝐵)4; 𝑏𝑐 −𝐾
𝑐=1

𝐽
𝑏=1

𝑘
𝑐=1

(𝐴𝐵)𝑏𝑐) ]                                                           

= 𝑉𝑎𝑟[ℓ0(ℎ̅… − 𝜃) + ∑ ℓ𝑏(ℎ̅.𝑏. − ℎ…
𝐽
𝑏=1 − 𝐴𝑏) + ∑ ∑ ℓ𝑎ℓ𝑏((1 −𝐽

𝑏=1
𝐼
𝑎=1

𝑟̂1,𝑧)(ℎ̅𝑏𝑐. − ℎ̅.𝑏.) − 𝜋𝑎(𝑏)) + ∑ ℓ𝑐(ℎ̅..𝑐 − ℎ̅… − 𝐵𝑐) +𝐾
𝑐=1

∑ ∑ ℓ𝑏ℓ𝑐(ℎ̅.𝑏𝑐 + ℎ̅… − ℎ.𝑏. − ℎ̅..𝑐 − (𝐴𝐵)𝑏𝑐)𝐾
𝑐=1  𝐽

𝑏=1 ]  

=
𝜎𝜖

2

𝑟𝐼𝐽𝐾
[ℓ0

2 + ∑ ℓ𝑏
2(𝐼 − 1)𝐽

𝑏=1 + ∑ ∑ ℓ𝑎
2ℓ𝑏

2[(1 − 𝑟̂4)2(𝐼 − 1)(1 − 𝐼𝐽)] +𝐽
𝑏=1

𝐼
𝑎=1

∑ 𝑟ℓ𝑐
2(𝐾 − 1)𝐽

𝑐=1 + ∑ ∑ 𝑟ℓ𝑏
2ℓ𝑐

2𝐽(𝐾 − 1)(𝐽 − 1)𝐾
𝑐=1  𝐽

𝑏=1 ]  

 

Theorem 3: Let 𝑟̂4 be an arbitrary type 4 estimator of  𝑟. Then under the 

model (1), [(1 − 𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) − 𝜋 𝑎(𝑏)] is distributed independently of  

[(𝑟̂4 − 𝑟)(ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)]     (𝑎, 𝑎′ = 1, … , 𝐼; 𝑏, 𝑏′ = 1, … 𝐽), and 𝐸{[(1 −
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𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) − 𝜋 𝑎(𝑏)][(𝑟̂4 − 𝑟)(ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)]} = 0 

(𝑎, 𝑎′ = 1, … , 𝐼; 𝑏, 𝑏′ = 1, … 𝐽).                                                                (8) 

 

Proof: The quantity (𝑟̂4 − 𝑟)(ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.) is a function of the error contrasts 

(𝜖𝑎𝑏𝑐 = ℎ𝑎𝑏𝑐 − ℎ̅…). Therefore, it suffices to prove that ((1 − 𝑟̂)(ℎ̅𝑎𝑏. −

ℎ̅.𝑏.) − 𝜋𝑎(𝑏)) is distributed independently of the error contrasts. 

 

Let 𝑑𝑎𝑏, 𝑑𝑎′𝑏′ =
 1 

(𝐼−1)(𝐽−1)
, 𝑖𝑓 𝑎, 𝑏 = 𝑎′𝑏′, 

                 =  1,      𝑖𝑓 𝑎, 𝑏 ≠ 𝑎′, 𝑏′. 
 

we have that 

 

𝐸{[(1 − 𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) − 𝜋 𝑎(𝑏)][(ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)]}  

= 𝐸{[(1 − 𝑟)(𝜃 + 𝐴𝑏 + 𝜋 𝑎(𝑏) + 𝐵𝑐 + (𝐴𝐵̅̅ ̅̅ )𝑏. + 𝜖𝑎̅𝑏. − 𝜃 − 𝐴𝑏 − 𝜋̅ .(𝑏) − 𝐵̅.

− (𝐴𝐵̅̅ ̅̅ )𝑏. − 𝜖.̅𝑏.) − 𝜋 𝑎(𝑏)][𝜃 + 𝐴𝑏′ + 𝜋 𝑎′(𝑏′) + 𝐵𝑐 + (𝐴𝐵̅̅ ̅̅ )𝑏′.

+ 𝜖𝑎̅′𝑏′. − 𝜃 − 𝐴𝑏′ − 𝜋̅ .(𝑏′) − 𝐵̅. − (𝐴𝐵̅̅ ̅̅ )𝑏′. − 𝜖.̅𝑏′.]} 

=  𝑑𝑎𝑏, 𝑑𝑎′𝑏′𝐸{[(1 − 𝑟)(𝜋 𝑎(𝑏) − 𝜋̅ .(𝑏) + 𝜖𝑎̅𝑏. − 𝜖.̅𝑏.) − 𝜋 𝑎(𝑏)][𝜋 𝑎′(𝑏′) −

𝜋̅ .(𝑏′) + 𝜖𝑎̅′𝑏′. − 𝜖.̅𝑏′.]  

= 𝑑𝑎𝑏, 𝑑𝑎′𝑏′ {(1 − 𝑟)
(𝐼−1)𝜎𝜖

2

𝑟𝐼𝐾
− (1 − 𝑟)

(𝐼−1)𝜎𝜖
2

𝑟𝐼𝐾
} = 0  

 

since [(1 − 𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) − 𝜋 𝑎(𝑏)] and [(ℎ̅𝑎′𝑏′. − ℎ̅.𝑏′.)] are normally 

distributed and are uncorrelated, they are distributed independently. Then 

result (8) are independently distribution. 

 

Theorem 4: Let 𝑟̂4 be an arbitrary type 4 estimator of  𝑟, and let 𝜋̂4;𝑎(𝑏) be the 

corresponding type 4 estimators of 𝜋𝑎(𝑏). Then under the model (1), 

 

𝑀𝑆𝐸(𝜋̂4;𝑎(𝑏), 𝜋𝑎(𝑏)) = 𝑀𝑆𝐸(𝜋̂𝑎(𝑏), 𝜋𝑎(𝑏)) +  
1

𝐼𝐽𝐾
𝐸[(𝑟̂4 − 𝑟)2𝑆𝑆𝜋]   

                                  =
𝜎𝜖

2(1−𝑟)

𝑟𝐼𝐾 
+

1

𝐼𝐾
𝐸[(𝑟̂4 − 𝑟)2𝑆𝑆𝜋]                                   (9) 

 

Proof: 

 

𝑀𝑆𝐸(𝜋̂4;𝑎(𝑏), 𝜋𝑎(𝑏)) = 𝐸[𝜋̂4;𝑎(𝑏) − 𝜋𝑎(𝑏)]2 = 𝑣𝑎𝑟[(1 − 𝑟̂4)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) −

𝜋𝑎(𝑏)]  

= 𝑣𝑎𝑟[(1 − 𝑟̂4 + 𝑟 − 𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) − 𝜋𝑎(𝑏)]   

= 𝑣𝑎𝑟[(1 − 𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) + (𝑟̂4 − 𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) − 𝜋𝑎(𝑏)]  

since 𝜋̂𝑎(𝑏) = [(1 − 𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.), then 

= 𝑣𝑎𝑟[(𝜋̂𝑎(𝑏) − 𝜋𝑎(𝑏))
2

+ (𝑟̂4 − 𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)]                                         (10)           

 

by symmetry we get 

 

= 𝑀𝑆𝐸(𝜋̂𝑎(𝑏), 𝜋𝑎(𝑏)) +
𝐾

𝐼𝐽𝐾
∑ ∑ 𝐸[(𝑟̂4 − 𝑟)2(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)

2
]𝐽

𝑏=1
𝐼
𝑎=1    
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= 𝑀𝑆𝐸(𝜋̂𝑎(𝑏), 𝜋𝑎(𝑏)) +
1

𝐼𝐽𝐾
𝐸[(𝑟̂4 − 𝑟)2𝑆𝑆𝜋]  

 

If 𝑟 is unknown, then the second term   
1

𝐼𝐽𝐾
𝐸[(𝑟̂4 − 𝑟)2𝑆𝑆𝜋]  is a penalty term. 

 

Theorem 5: Let 𝑓3 (
𝑆𝑆𝜖

𝑆𝑆𝜋
) where 𝑓3(𝑡) is an arbitrary positive function of  𝑡 >

0. Then, under the model (1), 

 

𝐸[(𝑟̂3 − 𝑟)2𝑆𝑆𝜋] =
𝜎𝜖

2𝐽𝐾(𝐼−1)

𝑟
𝐸[𝑓3(

𝑟𝑥

1−𝑥
− 𝑟)2(1 − 𝑥)], where 𝑥 is a beta 

random variable with parameters 
1

2
𝐽(𝐼 − 1) and 

1

2
𝐽(𝐾 − 1)(𝐼 − 1). 

 

Proof: Let 𝑣𝜖 =
1

2
𝐽(𝐼 − 1) , 𝑣𝜋 =

1

2
𝐽(𝐾 − 1)(𝐼 − 1), 𝑢𝜖 =

𝑆𝑆𝜖

τ𝜖
, 𝑢𝜋 =

𝑆𝑆𝜋

τ𝜋
, 𝜛 =

𝑢𝜖 + 𝑢𝜋 and 𝑥 =
𝑢𝜖

𝑢𝜖+𝑢𝜋
. For all random variables 𝑢𝜖 and 𝑢𝜋 are distributed 

independently as a chi-square random variable with degrees of freedom  𝐽(𝐼 −
1) and 𝐽(𝐾 − 1)(𝐼 − 1), respectively. And thus, 𝜛 has a chi-square 

distribution with degree of freedom 𝐽𝐾(𝐼 − 1), 𝑥 has a beta random variable 

with parameters 
1

2
𝐽(𝐼 − 1) and 

1

2
𝐽(𝐾 − 1)(𝐼 − 1). And 𝜛 and 𝑥 are distributed 

independently. 

 

therefore, 

 
𝑆𝑆𝜖

𝑆𝑆𝜋
=

τ𝜖𝑢𝜖

τ𝜋𝑢𝜋
.

𝑢𝜖+𝑢𝜋

𝑢𝜖+𝑢𝜋
= 𝑟 (

𝑢𝜖

𝑢𝜖+𝑢𝜋
) (

𝑢𝜖+𝑢𝜋

𝑢𝜋
)  

where 
1

(1−𝑥)
= (

𝑢𝜖+𝑢𝜋

𝑢𝜋
) and 𝑥 =

𝑢𝜖

𝑢𝜖+𝑢𝜋
 , then 

𝑆𝑆𝜖

𝑆𝑆𝜋
=

𝑟𝑥

(1−𝑥)
 →

𝑆𝑆𝜋

𝑆𝑆𝜖
=

(1−𝑥)

𝑟𝑥
→ 𝑆𝑆𝜋 =

τ𝜖𝑢𝜖(1−𝑥)
τ𝜖
τ𝜋

(
𝑢𝜖

𝑢𝜖+𝑢𝜋
)

= τ𝜋(1 − 𝑥)𝜛 =
𝜎𝜖

2𝜛(1−𝑥)

𝑟
 

 

thus,  

 

𝐸[(𝑟̂3 − 𝑟)2𝑆𝑆𝜋] = 𝐸[𝑓3(
𝑟𝑥

1−𝑥
− 𝑟)2τ𝜋(1 − 𝑥)𝜛]  

= τ𝜋𝐸(𝜛)𝐸{[𝑓3 (
𝑟𝑥

1−𝑥
− 𝑟)2τ𝜋(1 − 𝑥)]}  

 

and, 

 

τ𝜋𝐸(𝜛) = τ𝜋𝐸(𝑢𝜖 + 𝑢𝜋) = τ𝜋𝐸 [
𝑆𝑆𝜖

τ𝜖
+

𝑆𝑆𝜋

τ𝜋
] = τ𝜋 [

τ𝜖

τ𝜖
+

𝑆𝑆𝜋

τ𝜋
]  

= τ𝜋 [
τ𝜖𝐽(𝐾−1)(𝐼−1)

τ𝜖
+

τ𝜋𝐽(𝐼−1)

τ𝜋
] = (𝐾𝜎𝜋

2 + 𝜎𝜖
2)𝐽𝐾(𝐼 − 1)  

= (
𝐼𝐽𝐾𝜎𝜖

2(1−𝑟)

𝑟𝐼𝐽𝐾
+ 𝜎𝜖

2) 𝐽𝐾(𝐼 − 1) = (
𝜎𝜖

2(1−𝑟)+𝑟𝜎𝜖
2

𝑟
) 𝐽𝐾(𝐼 − 1)  

τ𝜋𝐸(𝜛) =
𝜎𝜖

2𝐽𝐾(𝐼−1) 

𝑟
, then we have 

𝐸[(𝑟̂3 − 𝑟)2𝑆𝑆𝜋] =
𝜎𝜖

2𝐽𝐾(𝐼−1)

𝑟
𝐸[𝑓3(

𝑟𝑥

1−𝑥
− 𝑟)2(1 − 𝑥)]  

 

Theorem 6: For  model (1), let 𝑟̂4 be an arbitrary type 4 estimator of  𝑟, and let 

𝜽̂4 and  𝜽̂4;𝑎𝑏𝑐 be the corresponding Type 4 estimators of 𝜽 and 𝜽𝑎𝑏𝑐 (𝑎 =
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1, … , 𝐼;  𝑏 = 1, … , 𝐽;  𝑐 = 1, … , 𝐾). Then, if 𝐸(𝜃4;111) exsists,  

𝑇𝐵(𝜽̂4, 𝜽) = 𝟎            (11) 

where 𝜽 = (𝜃111, … , 𝜃𝐼𝐽𝐾)𝑇. 

 

Theorem 7: For model (1), let 𝑟̂4 be an arbitrary type 4 estimator of  𝑟, and let 

𝜽̂4, 𝜃4;𝑎𝑏𝑐 and  𝜋̂4;𝑎(𝑏) be the corresponding type 4 estimators of 𝜽, 𝜃𝑎𝑏𝑐 and 

𝝅4;𝑎(𝑏) (𝑎 = 1, … , 𝐼;  𝑏 = 1, … 𝐽;  𝑐 = 1, … , 𝐾). Then,  

 

(i) 𝑇𝑀𝑆𝐸(𝜽̂4, 𝜽) = 𝐼𝐽𝐾 ∑ ∑ ∑ 𝐸(𝜃4;𝑎𝑏𝑐 − 𝜃4;𝑎𝑏𝑐)
2𝐾

𝑐=1
𝐽
𝑏=1

𝐼
𝑎=1  

= 𝐼𝐽𝐾 𝑀𝑆𝐸(𝜃4;𝑎𝑏𝑐 , 𝜃4;𝑎𝑏𝑐)                                               (12) 

 

(ii) 𝑀𝑆𝐸(𝜃4;𝑎𝑏𝑐 , 𝜃𝑎𝑏𝑐) = 𝑀𝑆𝐸(𝜋̂4;1(1), 𝜋1(1)) +
𝜎𝜖

2[𝑟(𝐼𝐾−1)−1]

𝑟𝐼2𝐾
              (13) 

 

Proof: (ii) 

 

𝑀𝑆𝐸(𝜃4;𝑎𝑏𝑐 , 𝜃𝑎𝑏𝑐) = 𝐸[𝜃4;𝑎𝑏𝑐 −  𝜗𝑎𝑏𝑐]2 = 𝐸[ℎ̅.𝑏𝑐 + 𝜋̂4 ; 𝑎(𝑏) − 𝜗𝑎𝑏𝑐]2   

= 𝐸[𝜃 + 𝐴𝑏 + 𝜋̅.(𝑏) + 𝐵𝑐 + (𝐴𝐵)𝑏𝑐 + 𝜖.̅𝑏𝑐 + 𝜋̂4 ; 𝑎(𝑏) − (𝜃 + 𝐴𝑏 + 𝜋𝑎(𝑏) +

𝐵𝑐 + (𝐴𝐵)𝑏𝑐)]2  

= 𝐸[(𝜋̅.(𝑏) + 𝜖.̅𝑏𝑐)2 + 2(𝜋̅.(𝑏) + 𝜖.̅𝑏𝑐)(𝜋̂4 ; 𝑎(𝑏) − 𝜋𝑎(𝑏)) + (𝜋̂4 ; 𝑎(𝑏) − 𝜋𝑎(𝑏))
2

]  

Since 𝐸[(𝜋̂4 ; 𝑎(𝑏) − 𝜋𝑎(𝑏))
2

= 𝑀𝑆𝐸(𝜋̂4 ; 𝑎(𝑏), 𝜋𝑎(𝑏)), we get 

=
𝜎𝜖

2[𝑟(𝐼𝐾−1)−1]

𝑟𝐼2𝐾
+ 𝑀𝑆𝐸(𝜋̂4 ; 𝑎(𝑏), 𝜋𝑎(𝑏)) ,then 

𝑀𝑆𝐸(𝜃4;𝑎𝑏𝑐 , 𝜃4;𝑎𝑏𝑐) = 𝑀𝑆𝐸(𝜋̂4;1(1), 𝜋1(1)) +
𝜎𝜖

2[𝑟(𝐼𝐾−1)−1]

𝑟𝐼2𝐾
  

 

Unconditional Properties of Type 1 Estimators 

 

Theorem 8: For model (1), let 𝑟̂1 be an arbitrary type 1 estimator of  𝑟, and let  

𝜋̂1;𝑎(𝑏) be the corresponding type 4 estimators of 𝜋1(1) (𝑎 = 1, … , 𝐼; 𝑏 =

1, … , 𝐽). Then, 

 

If 𝐼 > 3, 𝐸[|𝜋̂1;𝑎(𝑏)|] < ∞. 

 

Proof: For any random variable 𝑥, we have that 

 

𝐸[|𝑥|] ≤ [𝐸(𝑥2)]
1

2                                                                               (14) 

 

Inequality (14) is a special case of  Holder's inequality. Note that  

 

[|𝜋̂1;𝑎(𝑏)|] = 𝐸[|1 − 𝑟̂1|. |ℎ̅𝑎𝑏. − ℎ̅.𝑏.|] < ∞  

iff 𝐸[𝑟̂1|ℎ̅𝑎𝑏. − ℎ̅.𝑏.|] < ∞. Thus, using (14), 

𝐸[𝑟̂1|ℎ̅𝑎𝑏. − ℎ̅.𝑏.|] ≤ {𝐸 [𝑟1
2(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)

2
]}

 1 

2
  

=
𝐾

𝐼𝐽𝐾
∑ ∑ {𝐸 [𝑟1

2(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)
2

]}

 1 

2𝐽
𝑏=1

𝐼
𝑎=1 =

1

𝐼𝐽𝐾
{𝐸[𝑟1

2𝑆𝑆𝜋]}
 1 

2   
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=
1

𝐼𝐽𝐾
{𝐸 [(

𝑧𝑆𝑆𝜖

𝑆𝑆𝜋
)

2
𝑆𝑆𝜋]}

 1 

2

=
1

𝐼𝐽𝐾
{𝐸 [

𝑧2𝑆𝑆𝜖
2

𝑆𝑆𝜋
]}

 1 

2
  

=
1

𝐼𝐽𝐾
{(

τ𝜖
2

τ𝜋
)

𝑧2𝐽(𝐾−1)(𝐼−1)(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)

𝐽(𝐼−3)
} < ∞.𝐼 > 3.                                   (15) 

 

Theorem 9: For model (1), let 𝑧 be an arbitrary positive constant and let 

𝜋1,𝑧;(𝑎)𝑏 be the corresponding type 1 estimators of 𝜋(𝑎)𝑏(𝑎 = 1, … , 𝐼; 𝑏 =

1, … , 𝐽). Then, 

 

𝑀𝑆𝐸(𝜋̂1,𝑧;(𝑎)𝑏, 𝜋(𝑎)𝑏) =
𝜎𝜖

2

𝐾

(1−𝑟)

𝑟
{

1

𝐼
[(1 − 𝑟)(𝐼 − 1)] + 1} +

σ𝜖
2𝑟

𝐼𝐽𝐾
{

𝑧2𝐽(𝐾−1)(𝐼−1)(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐾−𝐽+2)

𝐽(𝐼−3)
− 2𝑧𝐽(𝐾 − 1)(𝐼 − 1) + 𝐽(𝐼 − 1)}                                            

(16) 

 

Proof: : For model (1), let 𝑟̂ = 𝑟̂1,𝑘  and 𝜋̂(𝑎)𝑏 be the corresponding 

untruncated estimators of 𝑟 and 𝜋1,𝑧;(𝑎)𝑏 respectively, we get  

 

𝑀𝑆𝐸(𝜋̂1;𝑎(𝑏), 𝜋𝑎(𝑏)) = 𝐸[𝜋̂1;𝑎(𝑏) − 𝜋𝑎(𝑏)]2  

= 𝐸[(1 − 𝑟̂ + 𝑟 − 𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) − 𝜋𝑎(𝑏)]2   

= 𝐸[(1 − 𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) + (𝑟̂ − 𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) − 𝜋𝑎(𝑏)]2  

since 𝜋̂𝑎(𝑏) = [(1 − 𝑟)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.), then 

= 𝐸[(𝜋̂𝑎(𝑏) − 𝜋𝑎(𝑏))
2

+ (𝑟̂ − 𝑟)2(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)
2

]  

since 𝑀𝑆𝐸(𝜋̂𝑎(𝑏), 𝜋𝑎(𝑏)) =  𝐸(𝜋̂𝑎(𝑏) − 𝜋𝑎(𝑏))
2

,we get 

= 𝑀𝑆𝐸(𝜋̂𝑎(𝑏), 𝜋𝑎(𝑏)) + 𝐸(𝑟̂ − 𝑟)2(ℎ̅𝑎𝑏. − ℎ̅.𝑏.)
2
  

by symmetry we get 

= 𝑀𝑆𝐸(𝜋̂𝑎(𝑏), 𝜋𝑎(𝑏)) +
1

𝐼𝐽𝐾
𝐸[(𝑟̂ − 𝑟)2𝑆𝑆𝜋]  

𝐸[(𝑟̂ − 𝑟)2𝑆𝑆𝜋] = 𝐸 [(
𝑧𝑆𝑆𝜖

𝑆𝑆𝜋
− 𝑟)

2
𝑆𝑆𝜋] = 𝑧2𝐸 (

𝑆𝑆𝜖
2

𝑆𝑆𝜋
) − 2𝑧𝑟𝐸(𝑆𝑆𝜖) +

𝑟2𝐸(𝑆𝑆𝜋)  

= σ𝜖
2𝑟 {

𝑧2𝐽(𝐾−1)(𝐼−1)(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)

𝐽(𝐼−3)
− 2𝑧𝐽(𝐾 − 1)(𝐼 − 1) + 𝐽(𝐼 − 1)}  

and 𝑀𝑆𝐸(𝜋̂𝑎(𝑏), 𝜋𝑎(𝑏)) =
𝜎𝜖

2

𝐼
{

(1−𝑟)

𝑟𝐾
[(1 − 𝑟)(𝐼 − 1) + 1]} 

then, we get 

𝑀𝑆𝐸(𝜋̂1,𝑧;(𝑎)𝑏, 𝜋𝑎(𝑏)) =
𝜎𝜖

2

𝐾

(1−𝑟)

𝑟
{

1

𝐼
[(1 − 𝑟)(𝐼 − 1)] + 1} +

σ𝜖
2𝑟

𝐼𝐽𝐾
{

𝑧2𝐽(𝐾−1)(𝐼−1)(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)

𝐽(𝐼−3)
− 2𝑧𝐽(𝐾 − 1)(𝐼 − 1) + 𝐽(𝐼 − 1)}  

 

theorem (2 ) and (9) can be used to obtain expression for MSEs of untruncated 

estimators of an arbitrary linear combination of 

𝜃, 𝜋1(1), … , 𝜋𝐼(𝐽), 𝐴1, … , 𝐴𝐽, 𝐵1, … , 𝐵𝐾  and (𝐴𝐵)11, … , (𝐴𝐵)𝐽𝐾 

 

Corollary 2: For model (1), let 𝑧 be an arbitrary positive constant and let 

𝜃1,𝑧;𝑎𝑏𝑐 be the corresponding type 1 estimators of 𝜃𝑎𝑏𝑐(𝑎 = 1, … , 𝐼; 𝑏 =
1, … , 𝐽; 𝑐 = 1, … , 𝐾). Then, 
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𝑀𝑆𝐸(𝜃1,𝑧;𝑎𝑏𝑐 , 𝜃𝑎𝑏𝑐) =
σ𝜖

2

𝐾
{

(1−𝑟)

𝑟
{

1

𝐼
[(1 − 𝑟)(𝐼 − 1)] + 1} +

𝑟

𝐾
[𝑧𝐽(𝐾 − 1)(𝐼 −

1) (
𝑧(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)

𝐽(𝐼−3)
− 2) + 𝐽(𝐼 − 1)] +

[𝑟(𝐼𝐾−1)−1]

𝑟𝐼
}                  (17) 

 

Proof: From theorems (2) and ( 7 (ii)), we have that 

 

𝑀𝑆𝐸(𝜃1,𝑧;𝑎𝑏𝑐 , 𝜃𝑎𝑏𝑐) =
𝜎𝜖

2

𝐾

(1−𝑟)

𝑟
{

1

𝐼
[(1 − 𝑟)(𝐼 − 1)] + 1} +

σ𝜖
2𝑟

𝐼𝐽𝐾
{

𝑧2𝐽(𝐾−1)(𝐼−1)(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)

𝐽(𝐼−3)
− 2𝑧𝐽(𝐾 − 1)(𝐼 − 1) + 𝐽(𝐼 − 1)} +

𝜎𝜖
2[𝑟(𝐼𝐾−1)−1]

𝑟𝐼2𝐾
  

=
σ𝜖

2

𝐼𝐾
{

(1−𝑟)

𝑟
[1 + (1 − 𝑟)(𝐼 − 1)] +

𝑟

𝐾
[𝑧𝐽(𝐾 − 1)(𝐼 − 1) (

𝑧(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)

𝐽(𝐼−3)
−

2) + 𝐽(𝐼 − 1)] +
𝑟(𝐼𝐾−1)−1

𝑟𝐼
}  

 

Corollary 3: For  model (1), let 𝑧∗ =
𝐽(𝐼−3)

(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)
 be an arbitrary positive 

constant and let 𝜃1,𝑧;𝑎𝑏𝑐 be the corresponding type 1 estimators of 𝜃𝑎𝑏𝑐(𝑎 =
1, … , 𝐼;  𝑏 = 1, … , 𝐽; 𝑐 = 1, … , 𝐾). Then, 

 

𝑀𝑆𝐸(𝜋̂1,𝑧∗;(𝑎)𝑏, 𝜋(𝑎)𝑏) =
𝜎𝜖

2

𝐾

(1−𝑟)

𝑟
{

1

𝐼
[(1 − 𝑟)(𝐼 − 1)] + 1} +

σ𝜖
2𝑟

𝐼𝐽𝐾
{

𝑧2𝐽(𝐾−1)(𝐼−1)(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)

𝐽(𝐼−3)
− 2𝑧𝐽(𝐾 − 1)(𝐼 − 1) + 𝐽(𝐼 − 1)}       (18) 

 

Proof: from theorem  (9), we have that 

 

𝑀𝑆𝐸(𝜋̂1,𝑧∗;(𝑎)𝑏, 𝜋(𝑎)𝑏) =
𝜎𝜖

2

𝐾

(1−𝑟)

𝑟
{

1

𝐼
[(1 − 𝑟)(𝐼 − 1)] + 1} +

σ𝜖
2𝑟

𝐼𝐽𝐾
{

𝑧2𝐽(𝐾−1)(𝐼−1)(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)

𝐽(𝐼−3)
}  

𝑀𝑆𝐸(𝜋̂1,𝑧∗;(𝑎)𝑏, 𝜋(𝑎)𝑏) = 
𝜎𝜖

2

𝐾

(1−𝑟)

𝑟
{

1

𝐼
[(1 − 𝑟)(𝐼 − 1)] + 1} + 

σ𝜖
2𝑟

𝐼𝐽𝐾
{(

𝐽(𝐼−3)

(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)
)

2
[

𝐽(𝐾−1)(𝐼−1)(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)

𝐽(𝐼−3)
−

2 (
𝐽(𝐼−3)

(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)
) 𝐽(𝐾 − 1)(𝐼 − 1) + 𝐽(𝐼 − 1)]} = 

𝜎𝜖
2

𝐾

(1−𝑟)

𝑟
{

1

𝐼
[(1 − 𝑟)(𝐼 −

1)] + 1} +
σ𝜖

2𝑟

𝐼𝐽𝐾
{[

𝐽(𝐾−1)(𝐼−1)𝐽(𝐼−3)

(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)
− 2 (

𝐽(𝐾−1)(𝐼−1)𝐽(𝐼−3)

(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)
) + 𝐽(𝐼 − 1)]} = 

𝜎𝜖
2

𝐾

(1−𝑟)

𝑟
{

1

𝐼
[(1 − 𝑟)(𝐼 − 1)] + 1} +

σ𝜖
2𝑟

𝐼𝐽𝐾
{[−

𝐽(𝐾−1)(𝐼−1)𝐽(𝐼−3)

(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)
+ 𝐽(𝐼 − 1)]}  

= 
𝜎𝜖

2

𝐾

(1−𝑟)

𝑟
{

1

𝐼
[(1 − 𝑟)(𝐼 − 1)] + 1} +  

σ𝜖
2𝑟

𝐼𝐽𝐾
{[−

𝐽(𝐾−1)(𝐼−1)𝐽(𝐼−3)+𝐽(𝐼−1)(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)

(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)
]}  

=
𝜎𝜖

2

𝐾

(1−𝑟)

𝑟
{

1

𝐼
[(1 − 𝑟)(𝐼 − 1)] + 1} +

σ𝜖
2𝑟

𝐼𝐽𝐾
{[

2𝐽[(𝐼−1)(𝐽𝐾−2𝐽+1)−𝐽𝐾]

(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)
]}  

 

Unconditional Properties of Type 2 Estimators   

 

Theorem 10: For model (1), let 𝐻̂2 be an arbitrary type 2 estimator of  𝐻 

Then, if  𝐼 > 2, 𝐻̂2estimates 𝐻 unbiasedly. 
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Proof: Let 𝜋̂2;1(1) and 𝑟̂2 be the corresponding type 2 estimators of 𝜋𝑎(𝑏) and 

𝑟, respectively. Let 𝑟̂1 be the corresponding type 1 estimators of 𝑟 ,this mean 

that 𝑟̂2 = min {𝑟̂2, 1}. 

 

According to corollary 2.1  𝐻̂2 estimates 𝐻 unbiased at 𝑛 > 2. But we 

remained prove that 𝐸[|𝜋̂2;𝑎(𝑏)|] < ∞. By using (3.11), note that  

 

𝐸[|𝜋̂2;𝑎(𝑏)|] < ∞ iff 𝐸[𝑟̂2|ℎ̅𝑎𝑏. − ℎ̅.𝑏.|] < ∞. We  get  

 

𝐸[𝑟̂2|ℎ̅𝑎𝑏. − ℎ̅.𝑏.|] ≤ 𝐸[𝑟̂1|ℎ̅𝑎𝑏. − ℎ̅.𝑏.|]. 

 

 Theorem 3.: For model (1), let 𝑟̂δ be an arbitrary type 2 estimator 𝑟. Take  

𝑟̂Θ = min {𝑟̂δ, 1}, and let 𝜋̂δ;𝑎(𝑏) = (1 − 𝑟̂δ)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.) and 𝜋̂𝛾;𝑎(𝑏) =

(1 − 𝑟̂𝛾)(ℎ̅𝑎𝑏. − ℎ̅.𝑏.), (𝑎 = 1, … , 𝐼; 𝑏 = 1, … , 𝐽). Then, 

 

𝐸 [(𝜋̂𝛾;𝑎(𝑏) − 𝜋𝑎(𝑏))
2

] ≤ 𝐸 [(𝜋̂δ;𝑎(𝑏) − 𝜋𝑎(𝑏))
2

]                                 (19) 

 

With strict inequality if 𝑃(𝑟̂δ > 1) > 0 and 𝐸 [(𝜋̂𝛾;𝑎(𝑏) − 𝜋𝑎(𝑏))
2

] = ∞. 

 

Proof: If [(𝜋̂δ;𝑎(𝑏) − 𝜋𝑎(𝑏))
2

] = ∞, then inequality (14) is hold. 

 

 If 𝐸 [(𝜋̂𝛿;𝑎(𝑏) − 𝜋𝑎(𝑏))
2

] < ∞ then using Theorem (4), 

𝑀𝑆𝐸(𝜋̂𝛾;𝑎(𝑏) − 𝜋𝑎(𝑏)) = 𝑀𝑆𝐸(𝜋̂𝑎(𝑏), 𝜋𝑎(𝑏)) + 
1

𝐼𝐽𝐾
𝐸[(𝑟̂𝛾 − 𝑟)2𝑆𝑆𝜋]  , and 

𝑀𝑆𝐸(𝜋̂δ;𝑎(𝑏) − 𝜋𝑎(𝑏)) = 𝑀𝑆𝐸(𝜋̂𝑎(𝑏), 𝜋𝑎(𝑏)) + 
1

𝐼𝐽𝐾
𝐸[(𝑟̂δ − 𝑟)2𝑆𝑆𝜋] , we get 

=
1

𝐼𝐽𝐾
{𝐸[(𝑟̂𝛾 − 𝑟)2𝑆𝑆𝜋] − 𝐸[(𝑟̂δ − 𝑟)2𝑆𝑆𝜋]}   

= 𝐸{(𝑟̂𝛾
2 − 2𝑟𝑟̂𝛾 + 𝑟2)𝑆𝑆𝜋 − (𝑟̂𝛿

2 − 2𝑟𝑟̂𝛿 + 𝑟2)𝑆𝑆𝜋}  

= 𝐸{(𝑟̂𝛾
2 − 𝑟̂𝛿

2 − 2𝑟(𝑟̂𝛾 + 𝑟̂𝛿)𝑆𝑆𝜋}  

= 𝐸{(1 − 𝑟𝛿
2 − 2(1 + 𝑟̂𝛿)𝑆𝑆𝜋|𝑟̂𝛿 > 1}𝑃(𝑟̂δ > 1)  

= 𝐸{(1 − 𝑟̂𝛿
2 − 2𝑟(1 + 𝑟̂𝛿)𝑆𝑆𝜋|𝑟̂𝛿 > 1}𝑃(𝑟̂δ > 1)  

= 𝐸{(1 − 𝑟̂𝛿
2)𝑆𝑆𝜋|𝑟̂𝛿 > 1}𝑃(𝑟̂δ > 1) ≤ 0.  

 

Theorem 12: For model (1), let 𝑟̂2 be an arbitrary type 2 estimator of  𝑟, and 

let 𝜋̂𝑎(𝑏) be the corresponding type 2 estimators of 𝜋𝑎(𝑏). Then, 

 

𝑀𝑆𝐸(𝜋̂2;𝑎(𝑏), 𝜋𝑎(𝑏)) =
𝜎𝜖

2(1−𝑟)

𝑟𝐼𝐾 
+  (1 − 𝑟)2 𝐽(𝐼−1)

𝐽𝐾(𝐼−1)
− 2𝑟2𝑧

𝐽(𝐾−1)(𝐼−1)

𝐽𝐾(𝐼−1)
𝐼𝑡(𝑣𝜖 +

1, 𝑣𝜋) + 𝑟2𝑧2 𝐽(𝐾−1)(𝐼−1)[𝐽(𝐼−1)(𝐾−1)+1]

𝐾𝐽2(𝐼−1)2 𝐼𝑡(𝑣𝜖 + 2, 𝑣𝜋 − 1) − (1 −

2𝑟)
𝐽(𝐼−1)

𝐽𝐾(𝐼−1)
𝐼𝑡(𝑣𝜖 , 𝑣𝜋 − 1)  

                                                           

       (20) 

Proof: using theories (4) and (5), we have  𝑟̂2 = 𝑟̂2,𝑧 = min {𝑧
𝑆𝑆𝜖

𝑆𝑆𝜋
, 1}                                     

𝑀𝑆𝐸(𝜋̂2;𝑎(𝑏), 𝜋𝑎(𝑏)) = 𝑀𝑆𝐸(𝜋̂𝑎(𝑏), 𝜋𝑎(𝑏)) +
𝜎𝜖

2𝑗𝑘(𝑎−1)

𝑟
𝐸[(min {

𝑟𝑥

1−𝑥
, 1} −
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𝑟)2(1 − 𝑥)],  
 

since x is a beta random variable with parameters 𝑣𝜖 =
𝐽(𝐾−1)(𝐼−1)

2
 and 𝑣𝜋 =

𝐽(𝐼−1)

2
, and put 𝑥 =

1

1+𝑧𝑟
 we have  

 

𝐸 [(min {
𝑟𝑧𝑥

1−𝑥
, 1} − 𝑟)

2
(1 − 𝑥)] = 𝐸[𝑟2𝑧2𝑥2(1 − 𝑥)−1 − 2𝑟2𝑧𝑥 +

𝑟2𝑧(1 − 𝑥) + (1 − 2𝑟)(1 − 𝑥)]  

= 𝑟2 ∫ 𝑥𝑣𝜖−1(1 − 𝑥)(𝑣𝜋+1)−1𝑑𝑥
1

0
− 2𝑟2𝑧 ∫ 𝑥(𝑣𝜖+1)−1𝑡

0
(1 − 𝑥)𝑣𝜋−1𝑑𝑥 +

𝑟2𝑧2 ∫ 𝑥(𝑣𝜖+2)−1(1 − 𝑥)(𝑣𝜋−1)−1𝑑𝑥
𝑡

0
+ (1 − 2𝑟) ∫ 𝑥𝑣𝜖−1(1 − 𝑥)(𝑣𝜋+1)−1𝑑𝑥

1

𝑡
  

= (𝑟2 − 2𝑟 + 1) ∫ 𝑥𝑣𝑒−1(1 − 𝑥)(𝑣𝜋+1)−1𝑑𝑥
1

0
− 2𝑟2𝑧 ∫ 𝑥(𝑣𝜖+1)−1𝑡

0
(1 −

𝑥)𝑣𝜋−1𝑑𝑥 + 𝑟2𝑧2 ∫ 𝑥(𝑣𝜖+2)−1(1 − 𝑥)(𝑣𝜖−1)−1𝑑𝑥
𝑡

0
− (1 − 2𝑟) ∫ 𝑥𝑣𝜖−1(1 −

𝑡

0

𝑥)(𝑣𝜋+1)−1𝑑𝑥  

= (1 − 𝑟)2 𝑣𝜋

𝑣𝜖+𝑣𝜋
− 2𝜂2𝑧

𝑣𝜖

𝑣𝜖+𝑣𝜋
𝐼𝑡(𝑣𝜖 + 1, 𝑣𝜋) + 𝑟2𝑧2 𝑣𝜖(𝑣𝜖+1)

(𝑣𝜋−1)(𝑣𝜖+𝑣𝜋)
𝐼𝑡(𝑣𝜖 +

2, 𝑣𝜋 − 1) − (1 − 2𝑟)
𝑣𝜋

𝑣𝜖+𝑣𝜋
𝐼𝑡(𝑣𝜖 , 𝑣𝜋 − 1)  

∴ 𝐸 [(min {
𝑟𝑧𝑥

1−𝑥
, 1} − 𝑟)

2
(1 − 𝑥)] = (1 − 𝑟)2 𝐽(𝐼−1)

𝐽𝐾(𝐼−1)
−

2𝑟2𝑧
𝐽(𝐾−1)(𝐼−1)

𝐽𝐾(𝐼−1)
𝐼𝑡(𝑣𝜖 + 1, 𝑣𝜋) + 𝑟2𝑧2 𝐽(𝐾−1)(𝐼−1)[𝐽(𝐾−1)(𝐼−1)+1]

𝐾𝐽2(𝐼−1)2 𝐼𝑡(𝑣𝜖 + 2, 𝑣𝜋 −

1) − (1 − 2𝑟)
𝐽(𝐼−1)

𝐽𝐾(𝐼−1)
𝐼𝑡(𝑣𝜖 , 𝑣𝜋 − 1)                                                        (21) 

 

CONCLUSION 

In the unconditional properties of repeated measurements model we have the 

following conclusions: 

 

a. The type 4 estimators are unbiased, means that the other types are 

unbiased estimators, and also, if 𝐸(𝜋̂4;1(1)) exists, 𝐻̂4estimators 𝐻 

unbiaseedly. 

b. 𝑀𝑆𝐸(𝐻̂4, 𝐻) =
𝜎𝜖

2

𝑟𝐼𝐽𝐾
[ℓ0

2 + ∑ ℓ𝑏
2(𝐼 − 1)𝐽

𝑏=1 + ∑ ∑ ℓ𝑎
2ℓ𝑏

2[(1 −𝐽
𝑏=1

𝐼
𝑎=1

𝑟̂4)2(𝐼 − 1)(1 − 𝐼𝐽)] + ∑ 𝑟ℓ𝑐
2(𝐾 − 1)𝐽

𝑐=1 + ∑ ∑ 𝑟ℓ𝑗
2ℓ𝑐

2𝐽(𝐾 − 1)(𝐽 −𝐾
𝑐=1

𝐽
𝑏=1

1) ]   

c. 𝑀𝑆𝐸(𝜋̂4;𝑎(𝑏), 𝜋𝑎(𝑏)) = 𝑀𝑆𝐸(𝜋̂𝑎(𝑏), 𝜋𝑎(𝑏)) +  
1

𝐼𝐽𝐾
𝐸[(𝑟̂4 − 𝑟)2𝑆𝑆𝜋]   

                                                    =
𝜎𝜖

2(1−𝑟)

𝑟𝐼𝐾 
+

1

𝐼𝐾
𝐸[(𝑟̂4 − 𝑟)2𝑆𝑆𝜋] 

d. 𝑇𝑀𝑆𝐸(𝜽̂4, 𝜽) = 𝐼𝐽𝐾 ∑ ∑ ∑ 𝐸(𝜃4;𝑎𝑏𝑐 − 𝜃4;𝑎𝑏𝑐)
2𝐾

𝑐=1
𝐽
𝑏=1

𝐼
𝑎=1  

                        = 𝐼𝐽𝐾 𝑀𝑆𝐸(𝜃4;111, 𝜃4;111)                            

   

e. 𝑀𝑆𝐸(𝜃4;𝑎𝑏𝑐 , 𝜃4;𝑎𝑏𝑐) = 𝑀𝑆𝐸(𝜋̂4;1(1), 𝜋1(1)) +
𝜎𝜖

2[𝑟(𝐼𝐾−1)−1]

𝑟𝐼2𝐾
 

f. 𝑀𝑆𝐸(𝜋̂1,𝑧∗;(𝑎)𝑏, 𝜋(𝑎)𝑏) =
𝜎𝜖

2

𝐾

(1−𝑟)

𝑟
{

1

𝐼
[(1 − 𝑟)(𝐼 − 1)] + 1} +

σ𝜖
2𝑟

𝐼𝐽𝐾
{

𝑧2𝐽(𝐾−1)(𝐼−1)(𝐼𝐽𝐾−𝐽𝐾−𝐼𝐽−𝐽+2)

𝐽(𝐼−3)
− 2𝑧𝐽(𝐾 − 1)(𝐼 − 1) + 𝐽(𝐼 − 1)}     

g. 𝑀𝑆𝐸(𝜋̂2;𝑎(𝑏), 𝜋𝑎(𝑏)) =
𝜎𝜖

2(1−𝑟)

𝑟𝐼𝐾 
+  (1 − 𝑟)2 𝐽(𝐼−1)

𝐽𝐾(𝐼−1)
−
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2𝑟2𝑧
𝐽(𝐾−1)(𝐼−1)

𝐽𝐾(𝐼−1)
𝐼𝑡(𝑣𝜖 + 1, 𝑣𝜋) + 𝑟2𝑧2 𝐽(𝐾−1)(𝐼−1)[𝐽(𝐼−1)(𝐾−1)+1]

𝐾𝐽2(𝐼−1)2 𝐼𝑡(𝑣𝜖 + 2, 𝑣𝜋 −

1) − (1 − 2𝑟)
𝐽(𝐼−1)

𝐽𝐾(𝐼−1)
𝐼𝑡(𝑣𝜖 , 𝑣𝜋 − 1)   
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