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ABSTRACT:

A topological index has a vital role in molecular chemistry.Inmathematical chemistry, graph
operations are very significant since certaingraphs of chemical interest can be evaluated by
various graph operations ofdifferent simple graphs. In this paper, we have obtained analytical
expressionsfor Sanskruti index of various graph operations such as cartesian product, tensor
product and wreath product of graphs.

INTRODUCTION
In recent years graph theory is substantially used in the branch of
mathematicalchemistry due to the fact this idea is associated with the realistic
purposes ofgraph theory for solving the molecular problems. Over the years
topologicalindices like Wiener index, Balaban index, Hosoya index, Randic
index and so onhave been studied significantly improved and currently the
research and attentionin this area has been accelerated exponentially.
Throughout this paper we willfocus on finite, simple and connected graphs.
Let G = (V(G), E(G)) be a graphwith V(G) is a set of all vertices and E(G) is
a set of all edges. The degree of v,denoted by deg(v) or d(v), is the number
of edges incident with v in G.
Definition 1.1. Hosamani [2] in 2016 introduced Sanskruti index of graph
Gand is defined as:
3

S6) = Lwer |[7s] (1)
whereS,, isthe sum of the degree of the neighbourhood vertices. That is,S,, =
Y 4y This index gives good correlation with entropy ofan octane isomers.
Product graphs are applicable in a number of areas, including automata
theory,communication networks, information theory, computer architecture,
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algebraicstructures and chemistry. They help to construct many network
topologies forinterconnection networks[3].

Definition 1.2.[1] Cartesian product of two graphs G; = (V4,E;) and G, =
(V,, Ey)is denoted byG; X G,, containing vertex set V; X V,where (uq,u;)is
ad]acent With(vl,vz) iff [u1 = uzandv1v2 € E2]0r [Ul = D and U u; € El]

Definition 1.3.[1] The wreath product of two graphsG; = (V4,E;) and
G, = (V,, E;)having vertex sets V; and V, with no common vertex and E; and
E, asedge sets is the graph G;[G,]containing vertex set V; X V, and (uq, u,) is
ad]acentto (vl,vz)if and Only if (u1u2 € El) or (u1 = u,zand V1V; € Ez)
Wreath productof two graphs is also known as composition of two graphs.
Definition 1.4. [1] Tensor product of two graphs G; = (Vi,E;) and G, =
(V,, Ey)is denoted by G; ®G-has the vertex set V; x V, and (uq, v;) is adjacent
With(uZ,vz) iffu1u2 € El and V1Vy € Ez.

In this paper, we investigate the exact formulae of Sanskruti index for
thedifferent versions of graph operations.

MAIN RESULTS
Sanskruti Index of Wreath Product for Two Graphs
Theorem 2.1. The Sanskruti index of wreath product for the two graphs B,
and P,is
S(PIP,]) = 2 [@] +8 [273] +2 [4‘“] +8 [525] + (5n — 24) [625] .
Proof.Let B, and P,be two paths of length n — 1 and 1 respectively.The
wreathproduct of the path graphs B, and P, yield the fence graph as shown in
Figure 1(a).LetG = P,[P,]. We note that |V (G)| = 2n and |E(G)| = 5n —
4. It is easy tosee that from Figure 1(a), only 4 vertices are of degree 3 and
remaining all the verticesof degree 5. We divide the vertex set of the graph in
two partitions as:
V; ={veV(G):d, =3}andV; = {v € V(G):d, = 5}.
Now we can divide the edge set of P, [P,] in three partitions:
E3'3 = {u,v € V(G) du = dv = 3},
Ess ={u,v€V(G):d, =3andd, =5},
E5‘5 = {u,v € V(G) du = dv = 5}
It can be seen from Figure 1(a) that |E33| = 2;|E3s| = 8 and |Ess| =
(5n — 14). Also,summation of degrees of edge endpoints of this graph have
five types (13,13),(13,21),(21,21),(21,25) and (25,25) are shown in Figure
1(a). The number of edgesof these edge types are shown in following table.

Table 1. The Edge Partition of B,[P,]based on Degree Sum ofNeighbourhood
Vertices of End Vertices of Each Edge

(5,,S,),uv € E(G) | (13,13) | (13,21) | (21,21) | (21,25) | (25,25)
Number of edges 2 8 2 8 (5n — 24)

Using Table 1 and by the definition ofS(G) we can deduce the following
formulafor the fence graph P, [P;]as
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S(P, Pz)—z[@] +8[273] +2[4‘“] +8[525] + (5n — 24) [625].

The result is true for all n > 5.

Figure 1.(a)P4[P;]and(b). C¢[P;]

Theorem 2.2. The Sanskruti index of wreath product for two graphs C,, and

P,is S(C, [P,]) = 5n [625] .
Proof. Let C,be the cycle of length n and P, be the path of length 1. Let
G = C,[P,]. We notethat |V (G)|] = 2nand |E(G)| = 5n is shown in
Figure 1(b). In this graph, degree ofeach vertex is 5. Thus, we can partition the
edge set into the following:

Table 2. The Edge Partition of C,, [P,]based on Degree Sum ofNeighbourhood
Vertices of End Vertices of Each Edge.
Number of edges | (S,,S,),uv € E(G)
5n (25,25)
625

Using Table 2 and by the definition of S(G) we get,S(C,[P;]) = 5n [ :
This result is true for all n > 3.

Sanskruti Index of Tensor Product for Two Graphs
Theorem 2.3. The Sanskruti index of tensor product for two graphs P, and

B,is S(P®P)—4[ ] +4[2 ] +8[= ] +8[2 ] +4@2n-10)[% ] +

] +4 ] +(2n—10)(n —5)[ ] +4(2n—10)[192]
Proof. Let P, be the path graph taken two copies of length n — 1 respectively
and let G = P,®P,.Wenote that |V(G)| = n? and |E(G)| = 2(n—1)? is
shown in Figure 2(a).Since all the vertices in this graphare of degree 1,2 and 4,
we can divide the vertex set in three partitions:

V, ={veVv():d, =1},

V, ={veV(G):d, =2},

V,={vev(G):d, =4}
Also, we can divide the edge set of G in four partitions.
E1 4 ={uv€eV(G):d, =1andd, = 4} = |E4| = 4.

[144 [144 256
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Ey, ={uveV(6):d, =d, =2} = |Ey,| =4
Eys ={u,veV(G):d, =2andd, = 4} = |E2,4| = 8(n — 3).
Eys ={uveV(G):d, =d, =4} = |Eyu| = 2(n—3)2

Now from the Figure 2(a), we can see that the summation of degrees of edge
endpointsof this graph have nine types 4,9),
(6,6),(6,12),(8,9),(8,12),(12,12),(9,16),(16,16)and (12,16). The number of
edges of these edge types are shown in followingtable.

Table 3 The Edge Partition of P, ®P,based on Degree Sum ofNeighbourhood
Vertices of end Vertices of Each Edge.

Number of edges | (S,,S,),uv € E(G)
4 (4,9)
4 (6,6)
8 (6,12)
8 (8,9)
4(2n — 10) (8,12)
4 (12,12)
4 (9,16)
(2n—10)(n —5) (16,16)
4(2n — 10) (12,16)
Using Table 3 and by the definition of S(G) we get,
S(P,®F,)
4363 361° 7273 7277 961°
= [H +4[E +8[E +8[E +4(21’l—10)[§]
14473 1447 2561°
+4[§ +4[§ +(2n—10)(n—5)[¥ +4(2n
— 10 [g 3
) 26 1"

This result is true for all n > 6.

Figure 2(a)P,®P,(b). C4,RC,
Theorem 2.4. The Sanskruti index of tensor product for two graphs

3
C,andC,isS(C,®C,) = 2n? |22 .
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Proof. Consider two copies of cycle graph C, of length n respectively. Let
G = C,®C,. We notethat |[V(G)| = n? and |E(G)| = 2n® is shown in
Figure 2(b).Using Table 4 and by the definition of S(G)we get, S(C,QC,,) =

3
2n? [%] This result is true for all n > 3.

Table 4 The Edge Partition of C,, ®C, based on Degree Sum ofNeighbourhood

Vertices of End Vertices of Each Edge

Number of edges | (S,,S,),uv € E(G)
2n? (16,16)

Sanskruti Index of Cartesian Product for Two Graphs
Theorem 2.5. The Sanskruti index of tensor product for two graphs K, ,

andB, is
S(Knn X B,)
. (n® +2n + Z)Zl3
2n? +4n+ 2
\an In‘* +6n3 + 13n% + 14n + 6]3
2n? +6n+3
o2 (n? + 4n + 3)?]°
2n? +8n+ 4
an ln‘* + 68 + 23n% + 28n + 12}3
2n2+8n+5
(n? + 4n + 4)?]°
+(n3—2n2—10n)l2n2+8n+6l .

Proof. Let K, ,be the complete bipartite graph and B, be the path graph.
LetG = K,, X P,. We note that |[V(G)| = 2n® and|E(G)| = n(n® + 2n —
2) is shown in Figure 3(a). Wedivide the vertex set of G in two partitions:

Vos1 ={veV(G):d, =n+1},
Voo ={v€eV(G):d, =n+2}.

Similarly, we can divide edge set of G in three partitions.

En+1,n+1 = {u'v € V(G): du = dv =n+ 1} = |En+1,n+1| = 2712.
Entinsz = (u,v €V(G):dy, =n+1landd, = n+ 2} = |Eyyine2| = 40
Epionsz = W v €V(G):dy = dy =n+ 2} = |Epippia| = n(n? - 2).

Using Table 5 and by the definition of S(G) we get,
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S(Kpn 3>< R)
o2 l(n2 +2n + 2)?
=2n

2n® +4n+2
+4nln4+6n3+13n2+14n+63
2n2 +6n+3
o2 [(nz+4n+3)2 3
2n? +8n+ 4
‘an ln4+68+23n2+28n+12r
2n? +8n+5
(n? + 4n + 4)?]°
+ (n® — 2n% — 10n) 2n2+8n+6l .

This result is true for all n > 5.

Table 5 The Edge Partition of K, ,, X B, based on Degree Sum
ofNeighbourhood Vertices of End Vertices of Each Edge.

Number of (Su,Sy),uv € E(G)
edges
2n? mn+ 1)+ m+2),n(n+1)+(n+2)
4dn mMn+DH+n+2),nn+2)+(n+ 1)+ (n+2))
2n? mn+2)+(n+1D)+m+2),n(n+2)+(n+1)
+ (n+2))
4n mMn+2)+(n+2)+(n+2),n(n+2)+(n+1)
+ (n+2))
n3 — 2n? mMn+2)+m+2)+(m+2),n(n+2)+(n+2)
—10n + (n+ 2))

Figure 3.(a)K3 3 X P3(b).K33 X C3

Theorem 2.6.The Sanskruti index of tensor product for two graphsk, ,and C,

IS

4 43
S(Kn X Co) = (0 + 207 [S—] .

2n2-2

Proof. LetK, ,be the complete bipartite graph and C,be the cycle graph. Let
G = K., XC,. We note that |[V(G)| = 2n* and |E(G)| =n3+ 2n? is
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shown in Figure 3(b).Vertices in this graph are of degree n + 2. Using Table 6

4 3
and by the definition of S(G) we get, S(K,, X C,) = (n® + 2n?) [Znnz_—z] :
This result is true for all n > 3.

Table 6. The Edge Partition of K, , x C,based on Degree Sum of

Neighbourhood Vertices of End Vertices of Each Edge

Number of edges | (S,,S,), uv € E(G)
nd + 2n? (n+1)?, (n+1)?)
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