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ABSTRACT

In 2011, bounds for the SignlessLaplacian energy of graphs and Unitary AdditionCayley
graphs were introduced. In this paper, we determine theSignlessLaplacian eigenvalueand some
bounds for the SignlessLaplacian energy of Unitary Addition Cayley graph.

1. Introduction

Let G(V,E) be an undirected, simple , finite and connected graph with n

vertices and m edges with vertex set V(G) and edge set E(G).The adjacency

matrix of Gis the nxnsymmetric matrix A(G) = (a;)such that

aij:{l if vi&v; are a'd]acent_ The matrix D(G)of the graph G is a
0 otherwise

diagonal matrix of order n whose diagonal elements are the degree of the

vertices in V(G). Then the matrix SLM(G) = A(G) + D(G)is the
Signless Laplacian matrix [ 5].

. A1 A2 An . . .
The eigenvalues , ,..., oOftheSignless Laplacian matrix are called
Signless Laplacian eigenvalues. The spectrum of the SLM(G)is set of its
eigenvalues together with their multiplicities. Then the Signless Laplacian
energy [ 5] is defined by
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SLM(G)=31, |2, — 2.

For a positive integer n > 1 the unitary Cayley graph X,, [1] is the graph whose
vertex set V(X,) =Z,=1{0,12,..(n—1)}and the edge set E(X,) =
{ab/a,b € Z,,a — b eU,}where U, ={a€Z,/gcd(a,n) = 1}.

The Unitary Addition Cayley graph G,(n > 1) [3] is the graph whose
vertex set

V(G ={012,..,n—1}and the edge set E(G,) = {ab/a,beZ,,a +
beU,},

Where,U,, = {a € Z,/ gcd(a,n) = 1}.The graph G, is regular if n is even and
semiregular if n is odd. The number of edges of Unitary Addition Cayley

graph is %(n) if n is even and nT_lq)(n) if n is odd. The arithmetic function

c(i,n) is a Ramanujan sum and is defined by

: _ N L _ ;
c(i,n) = u(t;) <p(ti)’t‘ Yo where ¢@(n) denotes the Euler function and u

(n) denotes the mobius function.

In this paper we obtain the eigenvalues of Signless Laplacian matrix
ofUnitary

Addition Cayley graph G,,. Also we compute the bounds for the
Signless Laplacian Energy of Unitary Addition Cayley graph.

The upcoming sections follow the results and a detailed reference to [2, 3,4].

Result 1[ 1] The energy of unitary Cayley graph X,, is 2"¢@(n), r is the number
of distinct prime factors dividing n.

Result 2 [ 4] Let A, A1, A2 be three real symmetric matrices of order n, such
that A = A1+ Ao.  The eigenvalues satisfy the following inequalities:

for 1<i<nand 0<j<min{i—1,n—i}A (A1) +2A1(A2)=N(A) >
Aiyj(A1) +An-i(Az).

2. Signless Laplacian Eigen values of Unitary Addition Cayley graph

The Signless Laplacian matrix of the Unitary AdditionCayley graph G, is
SLM(G,) = D(G,) + A(G,),whereA(G,) is the adjacency matrix of G, and
D(G,) is the diagonal matrix whose diagonal elements are the degree of the
vertices of the graph G,,.

The Signless Laplacian energy of a Unitary Addition Caley graph G, is

defined by SLE(Gy) = Y4 lvi — 27m| ,\Whereyy,yy ... Yp—qare the
Signless Laplacian eigen values of G,,.

Theorem 1 Letn be even, then the Signless Laplacian eigenvalues for the

Unitary
Addition CayleygraphG,is given by ¢(n) + u(ti)% 0<i<n-1
Proof:

3489



|

PJAEE, 17 (9) (2020)

Consider the Signless Laplacian matrix SLM(G,) = (a;;). 0<i,j<n-—
1.
1 ifged(i+jn)=1i+j
(@) = jom) ifi=]
0 otherwise
SLM((G,) = A(G,) + @)1, Iis the identity matrix.

; pn) __n
The eigenvalues of A(G,)are u(t;) o) where ti_—gcd o where ¢ (n) denotes

the Euler function and u(n) denotes the mobius function. The eigenvalues of
o(n)l are

o(n),0 <i,j <n-—-1

Then for theSignless Laplacian eigenvalues of the

Unitary Addition Cayley graph G,, where n is even is given by ¢(n) +
u(ti)z((—g 0<i<n-1.

Theorem 2 Letn = p™(m = 1) ,where p is prime. Then the spectrum of
the Signless Laplacian Unitary Addition Cayley graph G, is

— pm-1 _ _ m-1 _ —

o(n) —p 2 pm)—-2 MW o) o) +p ‘g XV XtV
p- 3 1 m-—1 1 - m—1 1 p- 1 2 2
— @-DE™-HA pm - — " 1 m 1

Where, x = 2¢p(n) + p™ — 2p™* — 2and y =\/(p™ — 2)% + 8p™~1.
Proof:

Consider the adjacency matrix of G, of order k = p™™! is A(G,) =
A A, .. A

A, A, - A,
AZ AZ Al
p(n) 1 1 - 1
Where,4; = 1 (p(n)._l , 1 :O and
1 0 1o e —1l,,,
0 1 1 1 1
L R
101 - 1 1,
Let A(G,,) is similar matrix of A(G,).
D, J J o]
Then A(G,,) ] Ditj=1 : ] 0 where
J 0 J o Dit]—1
p(n) 0 0 11 -« 1
N e R VR
0 0 e p(n)—1 1 1 - 1

Iis an identity matrix and O is a null matrix of order k.
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The Characteristic equation is det(A(G,) — AI) = 0. That is det A(G,,) - AI)
p-3 p-1

=0 . A=(em)—k-2)zA-pm)+k—-2)2 (1-
em)P .

(A= (o) = 2) 7PV - Akp - 2k- 2 + 2 () + p()(kp -
2k -2 +2 p(n)] =0.

The roots of the equation A2 -2 (kp 2k 2+29pm)+ en)kp-2k -2+
2¢9(n)) =0 are /’Ll—— and A2 == where x = 2p(n) + p™ = 2p™ 1 =2

andy =/(p™ — 2)2 + 8p™m-1.
Thus the spectrum is

@(n) —p™ 't -2 om-2 M om) B +p"T -2 X - v i+
p_3 m-1 m—-1 p—1 2 2
— @-DE™'-DA pmt-1 —— E .m i

Where, x = 2¢(n) + p™ — 2p™ "t =2 and y=,/((p™ — 2)% + 8p™~1.

Corollary 3 Let n = p (p > 3), where p is prime. Then the spectrum of

Signless
Laplacian Unitary Addition Cayleygraph of G, is
_ +y
p(M -3 o) -1 = =2
( r P2 © %] where x =2p(n)+p™—4 , and
— 1 1
2 2

y=y((p™ - 2)? +8.

Corollary 4 Let mn = 3. Then the Spectrum of the
0 1 3)

Signless Laplacian Unitary Addition Cayley graph of Gsis (1 1 1)

Theorem5 Letn be odd. The Signless Laplacian eigenvalues of the
Unitary Addition
Cayleygrath is given by

( ) . -1

(n) +1 .
(t)"’(t) o) —2<y; < — y(t)"’(f) o), =<i<n-1.
Proof:
Consider the Signless Laplacian matrix SLM(G,) = (a;;).0<i,j <n—
1.
p(n) ifged(i+jn)+1,i=j
Where.q..= pn)—1 ifged(i+jn)=1i=j
Y 1 ifgcd(i+j,n)=1i#j
0 otherwise

Split the given matrix SLM (G,,) as SLM(G,) = B + C

Where,B = (b;;),0<i,j<n-1, bij:{é v gc:t(iietd/’gz ~end
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C=(Cij),0Si,jSTl—1, =

Cij
o(n) ifged(i+jn)#1i=j
pn)—2 ifged(i+jn)=1,i=j
0 otherwise
The eigenvalues of the left circulant matrix B are (t;) % 0=si< nT_l and
e(n) n+1 ,
SHt) s sisn—1

The eigenvalues of the matrix C is ¢(n) with multiplicity (n — ¢(n)) and
(p(n) — 2) with multiplicity ¢ (n).

On combining the eigenvalues of B and C together with the Result 2 we
obtain the following.

p(n) o(n) . _n-1
.U(ti)@ +to(n) —2<y; < ,u(ti)@ +p(n), 0<i< —
) B +om) —2 <y < —u) E5 +om), " <i<n—1

o(ty) oty
3. Signless Laplacian Energy of Unitary Addition Cayley graph
Theorem 6: Let n be even .The Signless Laplacian energy of
Unitary Addition Cayley graph G, is 2"¢@(n), where r is the number of
distinct prime factors of n.

Proof:
The Signless Laplacian energy of Unitary Addition Cayley graph G, is
n—-1
2m
SLEG) = ) [re==2
i=0 n
— - e(n) 2m
= T oo + ue) L2 -2
-1 oy L
= Xio |o(m) + pu(t) PO
_yvn-1|_e®m — n-1 1
1=0 (p(gcc;(ti,n)) go(n) t=0 (p(gcdrzi,n))
=em)2".
Theorem 7: Let n =p™ (m=>=1),where p is prime. Then

theSignless Laplacian Energy of Unitary Addition Cayley graph G, is
SLE(G,) =
? ifn=:

_g_ e@®-2) )2 .
2n—5 — +J(n-2)?+8) ifn=

3p™ —4p™ T —2p — %(pm —2pml—p+ 1)+ -2+ gt =P
Proof:
The Signless Laplacian energy of Unitary Addition Cayley graph G,is
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c 2m
SLEG) = ) [y ==
i=1

Case : (i) n=3, spectrum (0 1 3)

1 1 1
s18y) = [0 - 2] + [1 -2+ [s- 2] -
3/ 3 3 3l I
o) =3 pm) -1 = %)
1

p 3 p-1
— 1

SLE(Gn)=|<P(n)—3 ( )‘P(")| ( ) |

+ o —1- (= )<p<n)| < (27)
52 - () o] + 52 - ("n1)<0<">|
=(3-22) (%) + (1 £2) () + Ve -27+8

=2p—5-— (pn(p 2)+\/W

=2n—5—$( -2)+J(n—2)+

Case: (iiijn = p™,m > landp 2 35pectrum

Case: (i) n = p,p > 3,spectrum = (

B(n) —p™ -2 P(n) — 2 . d(n) o(n) + p™ 1t — 2- X — y- x+y
p—1 2 2
-DE™'-DMA p"t-1 Y m 1m 1

SLEG) = o) — =t = 2= (=) o] ()

+om — () | 0t - 1)

+ o~ 2 (";1)<p<n)|(p D™ - 1)

+om + o -2 () o) (B5)

== () o] +[52 - () o]
:<pm_1+2_@>(p—3> <Z—M>(p DE™ - 1)

n 2
M)( m-1

+

-1

<m1 2+@>( >+\/(pm—2)2+8pm‘1
<p()

=3p™ —4p™ 1 —2p — ™ -2p™1-p+1)

+x/(pm—2)2+8pm L

Hence the result.
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Theorem 8: Let n be odd and square free number, n = p;p, ... p, .The bounds
for the Signless Laplaian energy of the Unitary Addition Cayley graph is

#(n) s+1 $(n) 2n—-s-1

N (1+n2") — 2 <SSLE(Gn)S N (1 +n2") + 2
Where, s = py, ps....p; be the maximal square free divisor of n.

Proof:
Consider the very sharp bounds of Signless Laplacian eigenvalues as

(n) +1 (n) 1
pE) B 4o () =2 < v < p(e) BB +p(m) + 02 051 <

+1 (n) +1 n+1
'ﬂ(t)(p(t) <p(n)—STSyi_ ,LL(t)Z(t)+(p(n)+n-S— Mei<n—
1.

The Signless Laplacian energy of G, is SLE(G,) = Yo |y
First consider the lower bounds.

2m

n

i

u( Jp(n ) s+1

=+ () -2 -

n
gcd(in)

Energy of the lower bound = X _. n-1 o

gcd(in)

n—-1
— oM+

(ng(l n))(p( ) s+1 n-—-1

¢( n (P(n)_

2
nTH<l<n 1 ng(i;n))

as a square free number and divide each sum into two parts

1if

p(n)

Consider g

(
n
asu (gcd (i,n)) gc d( n)
n —
U (gcd (i’n)) =-1if d( has odd number of distinct prime divisors.

has an even number of distinct prime divisor and

Hence, Energy of the Iower bound =

) s+1  n-1 —on)
Yoeienzt [mom— + @) == = = (W) [+X; n-1 [ + p(n) —
Ost=— (p(gcc;(ti,n)) Ost=— (p(gcd(i,n))
s+1 n-1 (p( ) s+1
=T ()| Saes - +p(n) — 2 -
2 — sisn—1 (p(gcd(Ln))
n—-1 pn) s+1 n-1
— (1) +ZnT+1sisn—1 e +om)————0pm)
Therefore, Energy of the lower bound =
+1 1
S peianct | —2— + p(n) — 2 — ”—<p<n)] W_[ e — p(n) +
T2 (p(gcd(in)) gcd(ln))
THIem| + Teng, S ERS —em) ()| +
2 qD(gcd(l n))
p(n) s+1 n—1
Yt o lﬁ +o(n) ——-— —90(")]
2 gcd(i,n)
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s+1
2

Energy of the lower bound = @ (n)2" + @(n) — nT_lgo(n) -

=20 or 4 1) -2
n 2
Similarly,
Energy of the upper bound = @(n)2" + @(n) — nT_l(p(n) +n— %

2n—s-1
:@ (n2"+1) + 2
Hence the bounds of the Signless Laplacian energy of G,is
9(n) s+l ¢(n) 2n-s-1

N (1+n2") - 2 S<SLEGn < N (1+n27)+ 2
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