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ABSTRACT 

In 2011, bounds for the SignlessLaplacian energy of graphs and Unitary AdditionCayley 

graphs were introduced. In this paper, we determine theSignlessLaplacian eigenvalueand some 

bounds for the SignlessLaplacian energy of Unitary Addition Cayley graph. 

 

1. Introduction 

Let 𝐺(𝑉, 𝐸) be  an undirected, simple , finite  and connected graph with  𝑛 

vertices and 𝑚 edges with vertex set 𝑉(𝐺) and edge set 𝐸(𝐺).The adjacency 

matrix of 𝐺 is the 𝑛 × 𝑛 symmetric matrix 𝐴(𝐺) = (𝑎𝑖𝑗)such that 

𝑎𝑖𝑗={
1 𝑖𝑓 𝑣𝑖&𝑣𝑗 𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
. The matrix 𝐷(𝐺)of the graph 𝐺  is a 

diagonal matrix of order 𝑛 whose diagonal elements are the degree of the 

vertices in 𝑉(𝐺). Then the matrix 𝑆𝐿𝑀(𝐺) = 𝐴(𝐺) + 𝐷(𝐺)is the  

𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 matrix [ 5].   

 The eigenvalues 
1

,
2

,…,
n

of the 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛  matrix are called 

𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 eigenvalues. The 𝑠𝑝𝑒𝑐𝑡𝑟𝑢𝑚 of the 𝑆𝐿𝑀(𝐺)is set of its 

eigenvalues together with their multiplicities. Then the 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 

energy [ 5 ] is defined by 
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𝑆𝐿𝑀(𝐺)=∑ |𝜆𝑖 −
2𝑚

𝑛
|𝑛

𝑖=1 . 

For a positive integer 𝑛 > 1 the unitary Cayley graph 𝑋𝑛 [1] is the graph whose 

vertex set 𝑉(𝑋𝑛) = 𝑍𝑛 = {0,1,2, … (𝑛 − 1)}and the edge set 𝐸(𝑋𝑛) =
{𝑎𝑏 𝑎, 𝑏 𝜖 𝑍𝑛, 𝑎 − 𝑏 𝜖𝑈𝑛⁄ }where  𝑈𝑛 = {𝑎 𝜖𝑍𝑛 gcd(𝑎, 𝑛) = 1⁄ }. 
The 𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑦𝑙𝑒𝑦 graph 𝐺𝑛(𝑛 >  1) [3] is the graph whose 

vertex set  

𝑉(𝐺𝑛)  = { 0,1,2, … , 𝑛 − 1}and the edge set 𝐸(𝐺𝑛)  =  {𝑎𝑏 / 𝑎, 𝑏 𝜖 𝑍𝑛, 𝑎 +
𝑏 𝜖 𝑈𝑛}, 
Where,𝑈𝑛 = {𝑎 𝜖 𝑍𝑛/ 𝑔𝑐𝑑(𝑎, 𝑛) = 1}.The graph  𝐺𝑛 is regular if 𝑛 is even and 

semiregular if 𝑛 is odd. The number of edges of 𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑦𝑙𝑒𝑦 

graph is  
𝑛𝜑(𝑛)

2
 if n is even and  

𝑛−1

2
𝜑(𝑛) if 𝑛 is odd. The arithmetic function 

c(i,n) is a Ramanujan sum and is defined by  

𝑐(𝑖, 𝑛) = 𝜇(𝑡𝑖)
𝜑(𝑛)

𝜑(𝑡𝑖)
,𝑡𝑖=

𝑛

gcd (𝑖,𝑛)
 where 𝜑(𝑛) denotes the Euler function and 𝜇 

(n) denotes the mobius function. 

In this paper we obtain the eigenvalues of 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 matrix 

of𝑈𝑛𝑖𝑡𝑎𝑟𝑦  
𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑦𝑙𝑒𝑦 graph 𝐺𝑛. Also we compute the bounds for the 

𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 Energy of 𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑦𝑙𝑒𝑦 graph. 

The upcoming sections follow the results and a detailed reference to [2, 3,4]. 

 

Result 1[ 1] The energy of unitary Cayley graph 𝑋𝑛 is 2𝑟𝜑(𝑛), r is the number 

of distinct prime factors dividing 𝑛. 

 

Result 2 [ 4] Let A, A1, A2 be three real symmetric matrices of order n, such 

that A = A1+ A2.     The eigenvalues satisfy the following inequalities: 

 for 1 ≤ i ≤ nand 0 ≤ j ≤ min{i − 1, n − i}, λi−j(A1) + λ1+j(A2)≥ λi(A) ≥

 λi+j(A1) + λn−j(A2). 

 

2. 𝐒𝐢𝐠𝐧𝐥𝐞𝐬𝐬 𝐋𝐚𝐩𝐥𝐚𝐜𝐢𝐚𝐧 Eigen values of 𝐔𝐧𝐢𝐭𝐚𝐫𝐲 𝐀𝐝𝐝𝐢𝐭𝐢𝐨𝐧 Cayley graph  

The 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 matrix of the 𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛𝐶𝑎𝑦𝑙𝑒𝑦 graph 𝐺𝑛 is 

𝑆𝐿𝑀(𝐺𝑛)  =  𝐷(𝐺𝑛) + 𝐴(𝐺𝑛),where𝐴(𝐺𝑛)  is the adjacency matrix of 𝐺𝑛 and 

𝐷(𝐺𝑛)  is the diagonal matrix whose diagonal elements are  the  degree of the 

vertices of the graph 𝐺𝑛. 

The 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 energy of a 𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑙𝑒𝑦 graph 𝐺𝑛 is 

defined by 𝑆𝐿𝐸(𝐺𝑛) =  ∑ |𝛾𝑖 −
2𝑚

𝑛
|𝑛−1

𝑖=0 ,where𝛾0,𝛾1 ,…𝛾𝑛−1are the 

𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 eigen values of 𝐺𝑛. 
 

Theorem 1  Let𝑛 be even, then the 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 eigenvalues for the 

 𝑈𝑛𝑖𝑡𝑎𝑟𝑦  

𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑦𝑙𝑒𝑦graph𝐺𝑛is given by 𝜑(𝑛) + 𝜇(𝑡𝑖)
𝜑(𝑛)

𝜑(𝑡𝑖)
 ,0 ≤ 𝑖 ≤ 𝑛 − 1 

Proof: 
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Consider the 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 matrix 𝑆𝐿𝑀(𝐺𝑛)  =  (𝑎𝑖𝑗).  0 ≤ 𝑖, 𝑗 ≤ 𝑛 −

1. 

(𝑎𝑖𝑗)  =  {
1 𝑖𝑓 𝑔𝑐𝑑(𝑖 + 𝑗, 𝑛) = 1, 𝑖 ≠ 𝑗

𝜑(𝑛)
0

𝑖𝑓 𝑖 = 𝑗
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

𝑆𝐿𝑀((𝐺𝑛)  =  𝐴(𝐺𝑛)  +  𝜑(𝑛)𝐼, 𝐼is the identity matrix. 

The eigenvalues of 𝐴(𝐺𝑛)are 𝜇(𝑡𝑖)
𝜑(𝑛)

𝜑(𝑡𝑖)
, where 𝑡𝑖=

𝑛

gcd (𝑖,𝑛)
 where 𝜑(𝑛) denotes 

the Euler function and 𝜇(𝑛) denotes the mobius function. The eigenvalues of 

φ(n)I are  

𝜑(𝑛), 0 ≤ 𝑖, 𝑗 ≤ 𝑛 − 1 

Then for  the𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 eigenvalues of the 

𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑦𝑙𝑒𝑦 graph 𝐺𝑛,  where 𝑛 is even is given by 𝜑(𝑛) +

𝜇(𝑡𝑖)
𝜑(𝑛)

𝜑(𝑡𝑖)
   ,0 ≤ 𝑖 ≤ 𝑛 − 1. 

 

Theorem 2  Let𝑛 =  𝑝𝑚(𝑚 ≥ 1) ,where 𝑝 is prime. Then the 𝑠𝑝𝑒𝑐𝑡𝑟𝑢𝑚 of 

the 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑦𝑙𝑒𝑦 graph 𝐺𝑛 is 

(
∅(𝑛) − 𝑝𝑚−1 − 2 ∅(𝑛) − 2

𝑝 − 3

2
(𝑝 − 1)(𝑝𝑚−1 − 1)

∅(𝑛) ∅(𝑛) + 𝑝𝑚−1 − 2

𝑝𝑚−1 − 1
𝑝 − 1

2

𝑥 − 𝑦

2
1

𝑥 + 𝑦

2
1

) 

Where, x = 2𝜑(𝑛) + 𝑝𝑚 − 2𝑝𝑚−1 − 2 and y =√(𝑝𝑚 − 2)2 + 8𝑝𝑚−1. 

Proof: 

Consider the adjacency matrix of 𝐺𝑛 of order 𝑘 =  𝑝𝑚−1 is 𝐴(𝐺𝑛) =

[

𝐴1 𝐴2 … 𝐴2
𝐴2 𝐴1 ⋯ 𝐴2
⋮
𝐴2

⋮
𝐴2

⋮ ⋮
⋯ 𝐴1

] 

Where,𝐴1 = [

𝜑(𝑛) 1 1 ⋯ 1
1 𝜑(𝑛) − 1 1 ⋯ 0
⋮
1

⋮
0

⋮
1

⋮ ⋮
⋯ 𝜑(𝑛) − 1

]

𝑝×𝑝

and  

𝐴2  = [

0 1 1 ⋯ 1 1
1 1 1 ⋯ 1 0
⋮
1

⋮
0

⋮
1

⋯
⋯

⋮
1

⋮
1

]

𝑝×𝑝

 

Let 𝐴̅(𝐺𝑛) is similar  matrix of 𝐴(𝐺𝑛). 

Then 𝐴̅(𝐺𝑛) [

𝐷1 𝐽 𝐽 ⋯ 𝐽

𝐽 𝐷1 + 𝐽 − 𝐼 𝐽 ⋯ 𝑂
⋮
𝐽

⋮
𝑂

⋮
𝐽

⋮
⋯

⋮
𝐷1 + 𝐽 − 𝐼

] where 

𝐷1 = [

𝜑(𝑛) 0 ⋯ 0
0 𝜑(𝑛) − 1 ⋯ 0
⋮
0

⋱
0

⋱
⋯

⋮
𝜑(𝑛) − 1

]    , 𝐽 = [

1 1 ⋯ 1
1 1 ⋯ 1
⋮
1

⋮
1

⋮
⋯

⋮
1

] 

𝐼is an identity matrix and 𝑂 is a null matrix of order 𝑘. 
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The Characteristic equation is  𝑑𝑒𝑡(𝐴(𝐺𝑛)  − 𝜆𝐼)  =  0.  That is det 𝐴̅(𝐺𝑛) - 𝜆𝐼) 

= 0                    (𝜆 − (𝜑(𝑛) − 𝑘 − 2))
𝑝−3

2 (𝜆 − 𝜑(𝑛) + 𝑘 − 2)
𝑝−1

2 (𝜆 −

𝜑(𝑛))𝑝
𝑚−1−1 

(𝜆 − (𝜑(𝑛) − 2))
(𝑝−1)(𝑝𝑚−1−1)

[(𝜆2 − 𝜆(kp –  2k –  2 +  2 𝜑(𝑛)) + 𝜑(𝑛)(kp – 

2k – 2 + 2 𝜑(𝑛)] = 0.                                            

The roots of the equation  𝜆2   - 𝜆 (kp - 2k – 2 + 2 𝜑(𝑛)) +  𝜑(𝑛)(kp - 2k – 2 + 

2 𝜑(𝑛)) = 0 are 𝜆1=
𝑥+𝑦

2
 and    𝜆2 = 

𝑥−𝑦

2
, where x = 2𝜑(𝑛) + 𝑝𝑚 − 2𝑝𝑚−1 − 2 

and y  =√(𝑝𝑚 − 2)2 + 8𝑝𝑚−1. 

Thus the 𝑠𝑝𝑒𝑐𝑡𝑟𝑢𝑚 is  

(
∅(𝑛) − 𝑝𝑚−1 − 2 ∅(𝑛) − 2

𝑝 − 3

2
(𝑝 − 1)(𝑝𝑚−1 − 1)

∅(𝑛) ∅(𝑛) + 𝑝𝑚−1 − 2

𝑝𝑚−1 − 1
𝑝 − 1

2

𝑥 − 𝑦

2
1

𝑥 + 𝑦

2
1

) 

Where, x = 2𝜑(𝑛) + 𝑝𝑚 − 2𝑝𝑚−1 −2 and y=√((𝑝𝑚 − 2)2 + 8𝑝𝑚−1. 

 

Corollary 3 Let 𝑛 =  𝑝 (𝑝 >  3), where 𝑝 is prime. Then the 𝑠𝑝𝑒𝑐𝑡𝑟𝑢𝑚 of 

𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 
𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑦𝑙𝑒𝑦graph of 𝐺𝑛 is 

(
𝜑(𝑛) − 3 𝜑(𝑛) − 1

𝑥−𝑦

2

𝑥+𝑦

2
𝑝−3

2

𝑝−1

2
1      1

) , where  x =2𝜑(𝑛) + 𝑝𝑚 − 4 , and  

y=√((𝑝𝑚 − 2)2 + 8. 

 

Corollary 4 Let 𝑛 =  3. Then the 𝑆𝑝𝑒𝑐𝑡𝑟𝑢𝑚 of the 

𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑦𝑙𝑒𝑦 graph of  𝐺3is (
0 1 3
1 1 1

). 

 

Theorem5  Let𝑛 be odd. The 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 eigenvalues of the 

𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 

𝐶𝑎𝑦𝑙𝑒𝑦graph𝐺𝑛 is given by 

            𝜇(𝑡𝑖)
𝜑(𝑛)

𝜑(𝑡𝑖)
 +𝜑(𝑛) − 2 ≤ 𝛾𝑖 ≤  𝜇(𝑡𝑖)

𝜑(𝑛)

𝜑(𝑡𝑖)
 +𝜑(𝑛),  0≤ 𝑖 ≤

𝑛−1

2
 

          - 𝜇(𝑡𝑖)
𝜑(𝑛)

𝜑(𝑡𝑖)
 +𝜑(𝑛) − 2 ≤ 𝛾𝑖 ≤ − 𝜇(𝑡𝑖)

𝜑(𝑛)

𝜑(𝑡𝑖)
 +𝜑(𝑛),

𝑛+1

2
≤ 𝑖 ≤ 𝑛 − 1. 

Proof: 

   Consider the 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 matrix 𝑆𝐿𝑀(𝐺𝑛)  =  (𝑎𝑖𝑗). 0 ≤ 𝑖, 𝑗 ≤ 𝑛 −

1. 

         Where,𝑎𝑖𝑗={

𝜑(𝑛)

𝜑(𝑛) − 1
1
0

𝑖𝑓 gcd(𝑖 + 𝑗, 𝑛) ≠ 1, 𝑖 = 𝑗

𝑖𝑓 gcd(𝑖 + 𝑗, 𝑛) = 1, 𝑖 = 𝑗

𝑖𝑓 gcd(𝑖 + 𝑗, 𝑛) = 1, 𝑖 ≠ 𝑗
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

 

Split the given matrix 𝑆𝐿𝑀(𝐺𝑛)  as 𝑆𝐿𝑀(𝐺𝑛)  =  𝐵 +   𝐶 

Where,𝐵 =  (𝑏𝑖𝑗) , 0 ≤ 𝑖, 𝑗 ≤ 𝑛 − 1, 𝑏𝑖𝑗={
1 𝑖𝑓 gcd(𝑖 + 𝑗, 𝑛) = 1
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 and 
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𝐶 =  (𝑐𝑖𝑗) , 0 ≤ 𝑖, 𝑗 ≤ 𝑛 − 1, 
       𝑐𝑖𝑗

=

{
𝜑(𝑛) 𝑖𝑓 gcd(𝑖 + 𝑗, 𝑛) ≠ 1, 𝑖 = 𝑗

𝜑(𝑛) − 2
0

𝑖𝑓 gcd(𝑖 + 𝑗, 𝑛) = 1 , 𝑖 = 𝑗
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

The eigenvalues of the left circulant matrix B are (𝑡𝑖)
𝜑(𝑛)

𝜑(𝑡𝑖)
 , 0 ≤ 𝑖 ≤

𝑛−1

2
   and 

 - 𝜇(𝑡𝑖)
𝜑(𝑛)

𝜑(𝑡𝑖)
  ,
𝑛+1

2
≤ 𝑖 ≤ 𝑛 − 1 . 

The eigenvalues of the matrix C is 𝜑(𝑛) with multiplicity (𝑛 −  𝜑(𝑛)) and 

(𝜑(𝑛) −  2) with multiplicity 𝜑(𝑛). 
On combining the   eigenvalues of B and C together with the Result 2 we 

obtain the following.   

𝜇(𝑡𝑖)
𝜑(𝑛)

𝜑(𝑡𝑖)
 +𝜑(𝑛) − 2 ≤ 𝛾𝑖 ≤  𝜇(𝑡𝑖)

𝜑(𝑛)

𝜑(𝑡𝑖)
 +𝜑(𝑛),   0≤ 𝑖 ≤

𝑛−1

2
 

      -𝜇(𝑡𝑖)
𝜑(𝑛)

𝜑(𝑡𝑖)
 +𝜑(𝑛) − 2 ≤ 𝛾𝑖 ≤ − 𝜇(𝑡𝑖)

𝜑(𝑛)

𝜑(𝑡𝑖)
 +𝜑(𝑛),

𝑛+1

2
≤ 𝑖 ≤ 𝑛 − 1. 

 

3. 𝐒𝐢𝐠𝐧𝐥𝐞𝐬𝐬 𝐋𝐚𝐩𝐥𝐚𝐜𝐢𝐚𝐧 𝐄𝐧𝐞𝐫𝐠𝐲 𝐨𝐟 𝐔𝐧𝐢𝐭𝐚𝐫𝐲 𝐀𝐝𝐝𝐢𝐭𝐢𝐨𝐧 𝐂𝐚𝐲𝐥𝐞𝐲 𝐠𝐫𝐚𝐩𝐡 

Theorem 6:  Let n be even .The  𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 energy of 

𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑦𝑙𝑒𝑦 graph 𝐺𝑛 is 2𝑟𝜑(𝑛),  where r is the number of 

distinct prime factors of n. 

Proof: 

The 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 energy of 𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑦𝑙𝑒𝑦 graph 𝐺𝑛 is 

    𝑆𝐿𝐸(𝐺𝑛) =  ∑ |𝛾𝑖 −
2𝑚

𝑛
|

𝑛−1

𝑖=0

 

                 =  ∑ |𝜑(𝑛) + 𝜇(𝑡𝑖)
𝜑(𝑛)

𝜑(𝑡𝑖)
−
2𝑚

𝑛
|𝑛−1

𝑖=0  

                 =  ∑ |𝜑(𝑛) + 𝜇(𝑡𝑖)
𝜑(𝑛)

𝜑(𝑡𝑖)
−

2𝑛𝜑(𝑛)

2

𝑛
|𝑛−1

𝑖=0  

                  =∑ |
𝜑(𝑛)

𝜑(
𝑛

gcd(𝑖,𝑛)
)
|𝑛−1

𝑖=0    = 𝜑(𝑛) ∑
1

𝜑(
𝑛

gcd(𝑖,𝑛)
)

𝑛−1
𝑖=0  

                  = 𝜑(𝑛)2𝑟. 
 

Theorem 7:   Let 𝑛 =  𝑝𝑚, (𝑚 ≥ 1),where 𝑝 is prime. Then  

the𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 Energy of 𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑦𝑙𝑒𝑦 graph 𝐺𝑛 is 

𝑆𝐿𝐸(𝐺𝑛)  =

{
 
 

 
 

10

3
𝑖𝑓 𝑛 = 3

2𝑛 − 5 − 
𝜑(𝑛)(𝑛−2)

𝑛
+√(𝑛 − 2)2 + 8)

3𝑝𝑚 − 4𝑝𝑚−1 − 2𝑝 −
𝜑(𝑛)

𝑛
(𝑝𝑚 − 2𝑝𝑚−1 − 𝑝 + 1) + √(𝑝𝑚 − 2)2 + 8𝑝𝑚−1

,
𝑖𝑓 𝑛 = 𝑝

𝑖𝑓 𝑛 = 𝑝𝑚, 𝑚 > 1

 

Proof: 

The 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 energy of 𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑦𝑙𝑒𝑦 graph 𝐺𝑛is  
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SLE(𝐺𝑛) =∑|𝛾𝑖 −
2𝑚

𝑛
|

𝑛

𝑖=1

 

Case : (i)  n = 3 , spectrum  (
0 1 3
1 1 1

) 

SLE(𝐺3) = |0 −
4

3
| + |1 −

4

3
| + |3 −

4

3
| =

10

3
 

Case: (ii)   𝑛 =  𝑝, 𝑝 >  3,𝑠𝑝𝑒𝑐𝑡𝑟𝑢𝑚 =  (
𝜑(𝑛) − 3 𝜑(𝑛) − 1

𝑥−𝑦

2

𝑥+𝑦

2
𝑝−3

2

𝑝−1

2
1      1

) 

SLE(𝐺𝑛) = |𝜑(𝑛) − 3 − (
𝑛 − 1

𝑛
)𝜑(𝑛)| × (

𝑝 − 3

2
)

+ |𝜑(𝑛) − 1 − (
𝑛 − 1

𝑛
)𝜑(𝑛)| × (

𝑝 − 1

2
) 

+ |
𝑥 − 𝑦

2
− (

𝑛 − 1

𝑛
)𝜑(𝑛)| + |

𝑥 + 𝑦

2
− (

𝑛 − 1

𝑛
)𝜑(𝑛)| 

  = (3 −
𝜑(𝑛)

𝑛
) (

𝑝−3

2
) + (1 −

𝜑(𝑛)

𝑛
) (

𝑝−1

2
) + √(𝑝 − 2)2 + 8. 

                 = 2𝑝 − 5 −
𝜑(𝑛)

𝑛
(𝑝 − 2) + √(𝑝 − 2)2 + 8 

= 2𝑛 − 5 −
𝜑(𝑛)

𝑛
(𝑛 − 2) + √(𝑛 − 2)2 + 8. 

Case : (iii) 𝑛 =  𝑝𝑚, 𝑚 >  1 and 𝑝   3𝑠𝑝𝑒𝑐𝑡𝑟𝑢𝑚 

(
∅(𝑛) − 𝑝𝑚−1 − 2 ∅(𝑛) − 2

𝑝 − 3

2
(𝑝 − 1)(𝑝𝑚−1 − 1)

∅(𝑛) ∅(𝑛) + 𝑝𝑚−1 − 2

𝑝𝑚−1 − 1
𝑝 − 1

2

𝑥 − 𝑦

2
1

𝑥 + 𝑦

2
1

) 

SLE(𝐺𝑛) = |𝜑(𝑛) − 𝑝
𝑚−1 − 2 − (

𝑛 − 1

𝑛
)𝜑(𝑛)| (

𝑝 − 3

2
)

+ |𝜑(𝑛) − (
𝑛 − 1

𝑛
)𝜑(𝑛)| (𝑝𝑚−1 − 1)

+ |𝜑(𝑛) − 2 − (
𝑛 − 1

𝑛
)𝜑(𝑛)| (𝑝 − 1)(𝑝𝑚−1 − 1)

+ |𝜑(𝑛) + (𝑝𝑚−1 − 2) (
𝑛 − 1

𝑛
)𝜑(𝑛)| (

𝑝 − 1

2
) 

+ |
𝑥−𝑦

2
− (

𝑛−1

𝑛
)𝜑(𝑛)| + |

𝑥+𝑦

2
− (

𝑛−1

𝑛
)𝜑(𝑛)|. 

= (𝑝𝑚−1 + 2 −
𝜑(𝑛)

𝑛
)(
𝑝 − 3

2
) + (2 −

𝜑(𝑛)

𝑛
) (𝑝 − 1)(𝑝𝑚−1 − 1)

+ (
𝜑(𝑛)

𝑛
) (𝑝𝑚−1 − 1) 

             + (𝑝𝑚−1 − 2 +
𝜑(𝑛)

𝑛
)(
𝑝 − 1

2
) + √(𝑝𝑚 − 2)2 + 8𝑝𝑚−1 

= 3𝑝𝑚 − 4𝑝𝑚−1 − 2𝑝 −
𝜑(𝑛)

𝑛
(𝑝𝑚 − 2𝑝𝑚−1 − 𝑝 + 1)

+ √(𝑝𝑚 − 2)2 + 8𝑝𝑚−1 

Hence the result. 
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Theorem 8:  Let n be odd and square free number, 𝑛 = 𝑝1𝑝2…𝑝𝑟 .The bounds  

for the 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑖𝑎𝑛 energy of the 𝑈𝑛𝑖𝑡𝑎𝑟𝑦 𝐴𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐶𝑎𝑦𝑙𝑒𝑦 graph is  

n

n)(

 ( 1 +  𝑛 2𝑟 )   −  2

1+s

  𝑆𝐿𝐸(𝐺𝑛)  n

n)(

 ( 1 +  𝑛 2𝑟 )  +  2

12 −− sn

 

Where, s = 𝑝1, 𝑝2,…𝑝𝑟 be the maximal square  free  divisor of n. 
 

Proof: 

          Consider   the very sharp bounds of 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 eigenvalues as 

 𝜇(𝑡𝑖)
𝜑(𝑛)

𝜑(𝑡𝑖)
 +𝜑(𝑛) −

𝑠+1

2
≤ 𝛾𝑖 ≤  𝜇(𝑡𝑖)

𝜑(𝑛)

𝜑(𝑡𝑖)
 +𝜑(𝑛) + n-

𝑠+1

2
  , 0≤ 𝑖 ≤

𝑛−1

2
 

-𝜇(𝑡𝑖)
𝜑(𝑛)

𝜑(𝑡𝑖)
 +𝜑(𝑛) −

𝑠+1

2
≤ 𝛾𝑖 ≤ − 𝜇(𝑡𝑖)

𝜑(𝑛)

𝜑(𝑡𝑖)
 + 𝜑(𝑛) + n- 

𝑠+1

2
, 
𝑛+1

2
≤ 𝑖 ≤ 𝑛 −

1. 

 The 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 energy of 𝐺𝑛  is     𝑆𝐿𝐸(𝐺𝑛)  =  ∑ |𝛾𝑖 −
2𝑚

𝑛
|𝑛−1

𝑖=0  

First consider the lower bounds. 

Energy of the lower bound = ∑ |
𝜇(

𝑛

gcd(𝑖,𝑛)
)𝜑(𝑛)

𝜑(
𝑛

gcd(𝑖,𝑛)
)
+ 𝜑(𝑛) −

𝑠+1

2
−

0≤𝑖≤
𝑛−1

2

𝑛−1

𝑛
𝜑(𝑛)|+ 

∑ |−
𝜇(

𝑛

gcd(𝑖,𝑛)
)𝜑(𝑛)

𝜑(
𝑛

gcd(𝑖,𝑛)
)

+ 𝜑(𝑛) −
𝑠 + 1

2
−
𝑛 − 1

𝑛
𝜑(𝑛)|

𝑛+1

2
≤𝑖≤𝑛−1

 

Consider 
𝑛

gcd (𝑖,𝑛)
 as a square free number and divide each sum into  two parts  

as 𝜇 (
𝑛

gcd (𝑖,𝑛)
)  = 1 if  

𝑛

gcd (𝑖,𝑛)
 has an even number of distinct prime divisor and  

𝜇 (
𝑛

gcd (𝑖,𝑛)
)  = -1 if   

𝑛

gcd (𝑖,𝑛)
 has odd number of distinct prime divisors. 

Hence, Energy of the lower bound = 

∑ |
𝜑(𝑛)

𝜑(
𝑛

gcd(𝑖,𝑛)
)
+ 𝜑(𝑛) −

𝑠+1

2
−
𝑛−1

𝑛
𝜑(𝑛)|

0≤𝑖≤
𝑛−1

2

+∑ |
−𝜑(𝑛)

𝜑(
𝑛

gcd(𝑖,𝑛)
)
+ 𝜑(𝑛) −

0≤𝑖≤
𝑛−1

2

𝑠+1

2
−
𝑛−1

𝑛
𝜑(𝑛)|∑ |−

𝜑(𝑛)

𝜑(
𝑛

gcd(𝑖,𝑛)
)
+ 𝜑(𝑛) −

𝑠+1

2
−𝑛+1

2
≤𝑖≤𝑛−1

𝑛−1

𝑛
𝜑(𝑛)|+∑ |

𝜑(𝑛)

𝜑(
𝑛

gcd(𝑖,𝑛)
)
+ 𝜑(𝑛) −

𝑠+1

2
−
𝑛−1

𝑛
𝜑(𝑛)|𝑛+1

2
≤𝑖≤𝑛−1

 

Therefore, Energy of the lower bound = 

∑ [
𝜑(𝑛)

𝜑(
𝑛

gcd(𝑖,𝑛)
)
+ 𝜑(𝑛) −

𝑠+1

2
−
𝑛−1

𝑛
𝜑(𝑛)]

0≤𝑖≤
𝑛−1

2

+∑ [
𝜑(𝑛)

𝜑(
𝑛

gcd(𝑖,𝑛)
)
− 𝜑(𝑛) +

0≤𝑖≤
𝑛−1

2

𝑠+1

2
+
𝑛−1

𝑛
𝜑(𝑛)] +   ∑ [

𝜑(𝑛)

𝜑(
𝑛

gcd(𝑖,𝑛)
)
−𝜑(𝑛) +

𝑠+1

2
+
𝑛−1

𝑛
𝜑(𝑛)]𝑛+1

2
≤𝑖≤𝑛−1

+

∑ [
𝜑(𝑛)

𝜑(
𝑛

gcd(𝑖,𝑛)
)
+ 𝜑(𝑛) −

𝑠+1

2
−
𝑛−1

𝑛
𝜑(𝑛)]𝑛+1

2
≤𝑖≤𝑛−1
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Energy of  the lower bound = 𝜑(𝑛)2𝑟 +𝜑(𝑛) −
𝑛−1

𝑛
𝜑(𝑛) −

𝑠+1

2
 

=
𝜑(𝑛)

𝑛
(𝑛2𝑟 + 1) −

𝑠+1

2
 

Similarly,   

Energy of  the upper bound = 𝜑(𝑛)2𝑟 +𝜑(𝑛) −
𝑛−1

𝑛
𝜑(𝑛) + 𝑛 − 

𝑠+1

2
 

                                              =
𝜑(𝑛)

𝑛
(𝑛2𝑟 + 1) + 2

12 −− sn

 

 Hence the bounds of the 𝑆𝑖𝑔𝑛𝑙𝑒𝑠𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 energy of 𝐺𝑛is 

n

n)(

( 1 + n 2r )  - 2

1+s

SLE(Gn)  n

n)(

 ( 1 + n 2r ) + 2

12 −− sn

. 
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