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ABSTRACT

New kinds of generalized mappings namely, 6-R-open, quasi 6-R-open, and strongly 8--
open mappings in topological spaces are introduced and investigated by utilizing the concept of
d-R-open sets. Several interesting characterizations and fundamental properties concerning of
these forms of generalized mappings are obtained. Moreover, the relationships between such
these of types of generalized mappings and other of well-known forms of generalized mappings
are discussed.
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1. Introduction

1. Mappings and of course several generalized forms of open and closed
mappings, strongly mappings and quasi mappings stand among the most
significant notions and most researched points in the whole of mathematical
sciences, and they have been introduced and investigated over the course of
years. Certainly, it is hard to say whether one form is more or less important
than another. Various interesting problems arise when one considers openness
and closeness. Its importance is significant in various areas of mathematics and
related sciences.
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2. Recently, a number of generalizations of open sets have been considered
such as: b-open sets, b-06-open sets, 3-0-open sets, d-pre-open sets, J-R-open
sets, E-open sets, E-0-open, J-3-0-open sets, Ec-open sets and J-Rc-open sets
play an important role in generalization of continuity in topological spaces.

3. A class of generalized open sets in a topological space, called J-3-open sets
or e"-open sets was introduced and several of its fundamental and interesting
properties were obtained by E. Hatir and T. Noiri [1] and Erdal E. [2] and
introduced a new class of continuous mappings called J-R-continuous
mappings into the field of topology.

In 1984, Rose [3] defined the notions of weakly open and weakly closed
functions in topological spaces. In 2010, J. M. Mustafa [4] introduced some
new generalized functions and investigated properties and characterizations of
these new types of functions.

D. Sreeja and C. Janaki. [5] Introduced a new map called quasi tgb-closed map
and investigated some of the fundamental properties of quasi mgb-irresolute
functions.

In recent times, Generalized closed mappings and strongly closed mappings
were introduced and studied, by M. L. Thivagar,...,etc [6], Furthermore, their
relationships with various types of generalized closed maps are investigated. In
addition, Alaa M. F. Al-Jumaili, in [7], introduced new concepts of generalized
mappings called E-open, E-closed, quasi E-open, quasi E-closed, strongly E-
open and strongly E-closed mappings in topological spaces by using the notion
of E-open sets and explored their many interesting properties.In our paper, we
will continue the study new forms of related mappings by involving J-3-open
sets. The goal of the present this paper is to introduce and study several new
types of open and closed mappings, strongly mappings and quasi mappings in
topological spaces via J--open sets. Several interesting characterizations and
some basic properties of these kinds of mappings are considered. Moreover, the
relationships between of J-3-open, quasi o-R-open, and strongly o-R-open
mappings and other well-known forms of generalized mappings are discussed.

2. PREREQUISITES

“Throughout the present paper(X, T),(Y, T*) and (Z,7**)(or simply X,
Y and Z) mean topological spaces on which no separation axioms are assumed
unless explicitly stated. For any subset A of X, The closure and interior of A
are denoted by Cl(A)and Int(A), respectively’. We recall the following
definitions of generalized open sets, which will be used often throughout our
paper.

Definition 2. 1: Let(X,

T)be atopological space. A subset A of X is said to be:
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a) & — open [8] if for eachx € A there exists a regular open set V such that
x €V € A. The d-interior of A is the union of all regular open sets contained
in A and is denoted by Ints(A). The subset A is called § — open [8] if A =
Ints(A). A pointx € X is called a o-cluster points of A [8] if
A N Int(C1(V)) # ¢, for each open set V containing x. The set of all -
cluster points of A is called the d-closure of A and is denoted by Cls(A)If
A = Cls(A), then A is said to be § — closed [8]. The complement of § —
closed set is said to be § — open set. A subset A of a Topological spaceX is
called 6 — open [8] if for each x € A there exists an open set G such that, x €
G < Int(Cl(G)) € A. The family of all § — open sets in X is denoted by.
62(X, T).
b) A subset A4 of a spaceX is called E-open [9] if A S CI(§ —
Int(A)) U Int(§ — Cl(A)). The complement of an E-open set is called E-
closed. The intersection of all E-closed sets containing A is called the E-
closure of A [9] and is denoted by E — CI(A). The union of all E-open sets of
X contained in A is called the E-interior [9] of A and is denoted by E —
Int(A).
C) A subset A of a spaceX is called § — 3 — open [1] or e"-open [2], if
A <€ Cl(Int(§ — CI(A ))), the complement of a § — 13 — open set is called,
6 — 13 — closed. The intersection of all § — 3 — closed sets containing A is
called the § — R —closure of A [1] and is denoted by § — R — CI(cA). The
union of all§ — 3 —open sets of X contained in A is called the § —
{3 —interior [1] of A and is denoted bys — 8 — Int(A).
4. Remark 2.2: The family of all E-open (resp. E-closed, § — 8 — open, § —
3 — closed) subsets of X containing a point x € X is denoted byEXZ(X, x)
(resp. EC(X, x), 6§ —REZ(X, x), § —BC(X, x)). The family of all E-open
(resp. E-closed, 6§ —f3 —open, & —f3 —closed) sets in X are denoted
byEZ(X, T) (resp.EC(X, T), 8 — RE(X, T), 8§ — RC(X, T)).
5.
6. Proposition 2. 3: [9, 10] the following properties hold for a spaceX:
a) The Arbitrary union of any family of E — (resp.§ — ) —
open sets inX,

isan E — (resp.6 — ) — open set.
b) The Arbitrary intersection of any family ofE — (resp.§ — ) —
closed sets
in X, is anE — (resp.d — 13) — closed set.
Definition 2.4: Let(X,
T)be a topological space. A subset A of Xis said to be:
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a) Regular open (resp. regular closed) [11] ifeA = Int(ClL(A)) (resp. A =

Cl(Int(A))).

b) a-open [12], if A € Int(Cl(Int(A))),and a —
closed if Cl(Int(Cl(A))) € A.

C) semi-open [13], if A € Cl(Int(A)),and semi —

closed if Int(Cl(A)) € A.

d) pre-open [14], ifA S Int(Cl(A)),and pre — closed if Cl(Int(A)) S
A.

e) [-open [15], if A < Cl(Int(Cl(A))),and 3 —
closed if Int(Cl(Int(A))) € A .

f)  b-open [16]) if A < Int(CI(A)) U Cl(Int(A))),and b — closed if
Int(Cl(A))N Cl(Int(A))) € A.

Remark 2.5: "From definitions (2.1) and (2.4) we have the following figure in
which the converses of implications need not be true, see the examples in [10],

[9] and [2] .
—»| open »| a-open |—»| Semi-open »| b-open
A \ *
Regular > Pre-open S-open
open
6-open |—»| 6&-semiopen E-open »| 6-f3-open

Figure (1): The relationships among some well-known generalized open
sets in Topological spaces
CHARACTERIZATIONS OF § — 3 — OPEN MAPPINGS

This section is devoted to introduce several characterizations and some
properties concerning of § — 3 — open mappings by utilizing § — 3 —
open sets .
Definition 3. 1: A mapping f: (X, T7) — (Y, T*) issaidtobe § — 8 —
open if
f(U) ed—BE(Y, T*) for every open set U in X.
Theorem 3.2: A mapping f: (X, T) — (Y, T*)is§ —R —openiff Vx €
X and each
open set U in X. with x € U, there exists a set V

€ 6 — RX(Y, T*)containingf (x)
such that,V < f(U).
Proof: The proof is follows directly from definition (3.1).

3870



Another New Forms of Strongly and Quasi Mappings in Topological Spaces via §-8-Open Sets PJAEE, 17 (9) (2020)

Theorem 3.3: Let f: (X, T) — (Y, T*)be § — 3 —open.If V <

Y and M is a closed sub

set of X containingf~!(V), then3aF € § —

RC(Y, T*)containing V (s.t) f~1(F) € M.

Proof:LetF = Y- f (X -M). Then, Fed—-BC(Y, T*). Since

f~1(V) € M, we have, f(X-M)<S (Y-V)so,V c F.Alsof 1(F) =

X-fHf(C-M)] S X -(X-M) = M.

Theorem 3.4: A mappingf: (X, T) — (Y, T*)is§ — 8 —

open if and only if

flint(A)] € § — 8 — Int[f(A)], for every A S X.

Proof: (=)Supposethat A S X andx € Int(A).

Then there exists an open set U, in X such thatx € U, S A.

Now f (x) € f (U,) < f(A),Since f is§ — 8 —open, f (U,) € 6 —

RE(Y, T9).

Then, f(x) € § — R — Int[ f (A)].Hence, f[Int(A)] € § — R — Int[f(A)].

(Conversely), Let U be an open set in X. Then by assumption, f[Int(U)]
C

6 — 88— Int[f(U)].Since § — R — Int[ f (W)] < f (U),and

f (W) =8§—18—Int][ f(UW)]. Thereforef (U) € § —RE(Y, T*),So fisd —

3 — open.

Remark 3.5: The equality in the Theorem(3.4) need not be true as shown in

the following example.

Example 3.6:Let X = Y = {x,¢4}, andT be the indiscrete topology

defined on X and T* be the discrete topology defined on Y as follows T* =

{@, Y, {x},{g}}. Then we have & — RE(X, T) = {¢p, X, {x},{g}} and § —

BE(Y, T)= T Let f: (X, T) — (Y, T*) be the identity function and

A = {x}.Then, f[Int(A)] = @,andd — R — Int[f(A)] = {x}.

Theorem 3.7: A mappingf: (X, T) — (Y, T*) is6 — 5 —

open if and only if

7.Int[f 1B cf 6 -R—Int(B),VBCY.

Proof: (=) Let B be any subset of Y. Thenf [Int( f~1(B))] <

fIfY(B)] cB.But

8. f [Int( f~1(B))] € § — RZ(Y, T*), since Int( f~1(B)) is open in X and f

isd — 8 — open.

9. Hence, f [Int(f~1(B))] € 6§ — R — Int(B). Therefore, Int[f~1(B)] <

fH6 — B — Int(B)].

10. (Conversely): Assume that A is any subset of X. Then f (A) € Y . Thus

via assumption, we

11. have, Int(A) S Int[f 1 (f(A)] € f[6 — R — Int(f (A))]. Thus,
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flnt(A)] €8 —R—Int]f (A)],VA S X. Hence, via Theorem (3.4), fis
6 — 13 — open.

Theorem 3.8: A mappingf: (X, T) — (Y, T*)isd — R —
open if and only if

f7H6 — B —CI(B)] < Cl[f [(B)],for every B € V.

Proof:Suppose that fisd — 13 —open andB € Y,and letx €
f76 — B — CI(B)]. Then, f (x) €6 — R —
CI(B).Let U be an open subset in X such that x € U.
Since f is 6 —fR —open, then f (W) €6 —RE(Y, T*) .Therefore
BN f(U) # @. Then,
UN f~Y(B) # @. Hence x € CI[ f~1(B)]. So, we getf~1[6§ — 8 — CI(B)] <
CIf H(B)].
(Conversely): Let B be subset of Y. Then (Y — B) ©
Y.via hypothesis, we have,

f7H6 — R —CI(Y — B)] < CI[ f~1(Y — B)]. This implies,
X-Cl[f Y(Y—-B)] € X-f16—R—CI(Y —B)].Hence
X-ClX-fHB)] s f(Y-6-8-CI(Y—B))].
Now X-CI[X-f~Y(B)] = Int[X-(X-f"Y(B)] = Int[f~1(B)]. Then, we

have
Y-6§—R—Cl(Y—B) = 6 —B—Int[y — (Y—-B)] = & — R — Int(B).
Therefore,

Int[ f~Y(B)] € f~[6 — & — Int(B)]. So,via Theorem(3.7) we getf is §

— 13 — open.
Definition 3.9: A mappingf: (X, 7)) — (Y, T")is said to be a:
Open [17], if the image of each open subset of (X, T) isopenof (Y, T).
a —open [18], if the image of each open subset of (X, ) is a-open

of (Y, T7).

Semi open [19], if the image of each open subset of (X, T) is semi open of
(Y, 77).

Pre — open [14], if the image of each open subset of (X, T) is Pre-open of
(Y, 77).

b — open[4], if the image of each open subset of (X, 7) is b-open
of (Y, 7).

3 —open [15], if the image of each open subset of (X, T) is R-open
of (Y, T7).

E —open [7], if the image of each open subset of (X, T) is E-open
of (Y, T7).

Quasi E — open [7], if the image of every E-open set in (X, T) is open
in(y, 7%).
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strongly E — open [7], if the image of every E-open set in (X, ') is E-open
in(y, 77).

Remark 3.10: “The relationships between § — {8 — open mappings and other
corresponding forms of generalized mappings are shown in the following
figure’.

Open mappings

v

a- Open mappings

v \ 4

Pre - Open mappings Semi - Open mappings

v A 4

b - Open mappings

\ 4

8 - Open mappings

\ 4 v

E - Open mappings — 6-f3 - Open mappings

Figure (2): the relationships between § — 3 — open mappings and other
of well-known types of generalized open mappings

However, none of these implications is reversible as shown via the example
(2.3) of [20], and the following example:

Examples 3.11: Let X = Y = {a, b, ¢, d}, define a topology

T = {(p, X,{a},{c}{a,b},{a,c},{a b, c}{a,c, d}} and define a mapping

f: (X, T) — (Y, T*) as follows: f(a) =a,f(b) =d,f(c) =

b and f(d) = c. Then clearly  that, f is§ — 8 — open, butitis not E —
open mapping. As well as, fneither 8 — open nor

b — open mapping.

ChARACTERIZATIONS OF QUASI § — 2 — OPEN MAPPINGS

In this part, we obtain some characterizations and several properties concerning
of quasi § — 8 — open mappings by using § — 13 — open.
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Definition 4. 1: A mappingf: (X, T) — (Y, T*)is called quasi § — 3 —
openif f (U)
is open in Y for every U € § — BZ(X,T).
Remark 4.2: (a) — Itis obvious that, the concepts quasi of§ — 8 —
openness and
6 — 3 — continuity are identical if the mapping f is a bijection.
Remark 4. 3: From the definitions of (3.9) and (4.1), it is clear that every quasid — {3 —
open mapping is open as wellas § — 3 —
open, and we have the following diagram:

Quazi- 6-8 open mapping

v

Quazi-E-open mapping

v A 4

E-open mapping > 6-8 open mapping

Figure (3): the relationships between quasi § — 3 — open mappings and
other of well-known types of generalized open mappings
"However, the converses of the implications are not true in general as shown in
the following example’.
Examples 4.4:1 — Let X = Y = {1, 2, 3}, define a topologyT =

{0, X, {1},{2,3}}.

Defined a mappingf: (X, T) —= (Y, T7*): f(1) =1,f(2) =2and f(3) =
3.

Then obviously that f is open. Also, E — openand § — 3 —
open, but it is neither

quasi § — 3 — open nor quasi E — open.
Theorem 4.5: A mappingf: (X, T) — (Y, T*)isquasi§ — 3 —
open if and only if
for every subsetB of X, f (6 — 3 — Int (B)) S Int(f (B)).
Proof: suppose that f is quasiéd — 3 —
open mapping. Now, we have Int (B) € B and
§ —R —Int (B) isa§ — 8 — open set. Therefore, we get that f (6 — R —
Int (B)) € f (B).
Since f (6§ — R — Int (B)) is open, so f (§ — R — Int (B)) < Int(f (B)).
(Conversely), suppose that B isad — {3 — open set of X So,
f(B) =f(6—8—Int(B)) € Int(f (B)).But, Int(f (B)) € f (B).
Consequently, Int(f (B)) = f (B) and thus, f is quasi § — 8 —
open mapping.
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Definition 4. 6: A subset U of a space X is said to bed — 3 —
neighborhood of a point
x € X if there exists and — 3 — open set A of X such that x € A < U.
Theorem 4. 7: For mappingf: (X, T) —
(Y, T*)the following properties areequivalent:
f is quasi § — 3 — open;

For each subset A of a space X, f (§ — 8 — Int(A)) S Int( f(A));
V x € Xand V § — 8 — neighborhood U of x €
X, there exists a neighborhood V of

f (x)inY suchthatV <€ f (U).

Proof: (a)= (b).It follows fromTheorem(4.5).

(b)= (©). Suppose that,x € X and U is an arbitrary § — 3 —
neighborhood of x. Then 3

Ves—REX,T) (s.t) x €V € U.Then via part (b), we obtain,
fW)=f[6—B—-Int(V)] € Int(f(V)) and hence, f V)= Int(f(V).
Therefore, it is follow that, f (V) is openin Y such thatf (x) € f (V) <
f .
(¢)= (a).Suppose thatU € § — REZ(X,T). Then for each ¢ €
f (W), there exists a
neighborhood V,, of ¢ in Y such that,V,, <
f (W).Since V,, is a neighborhood of 4,
thereexists an open set W, in Y such thaty € W, € V,,.So,f (U) =
U{W,:¢ € f (W}
which is an open set in Y. This implies thatf is quasid — 13 —
open mapping.
Theorem 4. 8: A mappingf: (X, T) — (Y, T")is quasid — 8 —
open if and only if for
every subset B of Y,8 — R — Int (f~1(B)) € f~1(Int(B)).
Proof: Let B be any subset of Y. Then,§ — 3 — Int (f‘l(‘B)) €S —
RBE(X,T)

and f is quasié — 3 — open, thenf (6§ — 8 — Int( f~1(B)))

S Int(f (f~'(Int(B))) <

Int(B).Thus,§ — R — Int (f1(B)) € f~1(Int(B)).

(Conversely), Let U € § — RZ(X,T). Then via hypothesis
§—R—Int[ f7I(f (W)] € fInt(f (U)]. Then, §—R—Int(U) S
fHmt(f (W)l
but,§ — & — Int(U) = U.Hence, U S f~[Int(f (W))] & f(U)

c Int(f (W)).
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Consequently, f is quasi § — {3 — open mapping.
Theorem 4.9: A mappingf: (X, T) — (Y, T*)isquasi§ — 3 —
open if and only if for
every subset BofY, and for every set M e§—RBC(X,
T) containing f ~1(B), there exists a closed subset
F of Y containing B such that, f ~1(F) € M.
Proof: suppose that, f is quasiéd — 3 — open and B € Y, and let M
€ § — BC(X,T)with
f~YF) € M. Now, put F = Y — f (X — M). It is obvious that f~1(B) <
M =BCF.
Since, f is quasi § — 3
— open mapping, we get F as a closed subset of Y.
Also, we obtain f~1(F) € M.
(Conversely),Let U € § —REZ(X,T) and put B =
Y-f(U). Then, X-U€eE§—RBC(X, T) with f1(B) ¢
X -U.Via assumption, there exists a closed set F of Y such that:
B € Fandf 1(F) € X-U.Hence,we get f(U) €Y —F. On the other
hand, it follows that BSCF,Y-F<cY—-B=
f(U).Thus, we have f (U) = Y — F which is open and hence,
f is quasié — {3 — open mapping.
Theorem 4.10: A mappingf: (X, T) — (Y, T¥) is quasid — 8 —
open if and only if
for every subset B of Y, f"1(CI(B)) € § — R — CL(f ~1(B)).
Proof: Assume that, f isquasi § — 3
— open mapping. For any subset B of U,
f1(B)
e
— CI[ f~Y(B)]. Therefore by Theorem(4.9), there exists a closed
set Fof Y suchthatBES Fand f"Y(F) S 66— —
ClI( £~X(B)). Therefore, we obtain,
fHCUB) s fHF) 6 —8B-CUf(B)).
(Conversely), Suppose that B is any subset of a space Y,and M € § —
RC(X, T) with
f~1(B) € M.PutF = CI(B), thenwe have B € F and F is closed and
fFYAF)YS 65 —R—CI(fY(B)) € M.Then by Theorem (4.9), we get
f isquasi § — 3 — open
Theorem 4.11: Let f: (X, T) — (Y, T*)and g: (Y, T*) —
(Z,7) be two mappigs
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andgof: (X, T) — (Z,T7*)isquasi 6§ — 3 —
open map.If g is continuous injective,
then f is quasi § — 8 — open mapping.
Proof:LetUbe § — 3

— open set in X, then ( gof )(U)is open in Z since gof
is quasi § — 13 — open. Again g is an injective continuous mapping,
f (W) = g~(gof (W))is open inY. This shows that f isquasi § — 8 —
open mapping.
Definition 4.12: A space(X, T) is said to be:
6 — R — Ty [21], if for each pair of distinct points x and ¢ of X, there exist
6 — R —open sets A and B containing x and ¢, respectively, such that,
x €Bandy ¢ A.
6 — 13— T, [21], if for each pair of distinct points x and ¢ of X there exist
disjoint 6 — R — open sets A and B in X such that x € A and ¢ € B.

Theorem 4.13: The following properties areholdfor quasi § — 3 —
open bijective
mappingf: (X, T) — (Y, T*):
If X isé — 18 — T; then Y is T;.
If X is6 — 3 — T, then Y is T,.
Proof: (a) — Lety, and ¢,be any two distinct points in Y. Then there exist x; and x,

in X,suchthat f (1) = ¢, and f (x3) = #,.Since X'is§ — 13 —
T; then, there exist two
6 — 3 —opensets U and V in Xwithx; € U,x, € Uand x, €V, x, €
V.Now f (U)
and f (V)are openinY with ¢, € f (U), %, € f (U) and ¢,

€f(V)y1 & f V).
Proof: (b) - is similar to (a). Thus is omitted.
Definition 4.14: A space(X, T)is said to be:
6 — 3 — compact [22], if every cover of X by § —f8 — open sets has a
finite sub cover.
& — 13 — Lindelof if every cover of X by § — 8 — open sets has a countable
subcover.
Theorem 4.15: The following properties are hold for quasid — 3 —
open bijective mapping f: (X, T) — (Y, T7):

If Y is compact, then X is § — 13 — compact
If Y is Lindelof, then X is § — {3 — Lindelof.
Proof: (@) - Let D, = {U): A € A}bean§ — R —
open cover of X. Then K; = {f (U,): A € A}

is a cover ofY via open sets in Y. Since Y is compact, Then K; has a finite subcover
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5%, ={f (U,). f (Up,), e, f (Un, ) }or Y. Then D,
= {U;\l,’u;\z, . ,fu;\n} is
a finite subcover of D, for X. Proof: (b) —
is similar to(a). Thus is omitted.
Definition 4.16: A space (X, T) is said to be § — 8 — Connected [21] if
X cannot be written as the union of two nonempty disjoint § — 13 —

open sets.

Theorem 4.17: Iff:(X, T) — (Y, T*)isquasid — R —
open surjective mapping and Y is Connected. Then X is § — 3 —
Connected.

Proof: Assume that X isnot § — {3
— Connected. Then there exist two non — empty
disjoint § — 8 —opensetsUandVin X such that X = UUV.Then
f (Wandf (V) are
non — empty disjoint open sets in Y with Y =
f (W) U f (V)which contradicts the
fact that Yis connected.

CHARACTERIZATIONS OF STRONGLY 6 — 8 — OPEN MAPPINGS

In this section, we obtain some characterizations and several properties
concerning of strongly § — 8 — open mappings via § — {3 — open sets.
Definition 5. 1: A mappingf: (X, T) —

(Y, T*) is said to be stronglyd — 3 — open if fwed—-
RBE(Y, T*) for every U € § — BE(X,T).

Remark 5.2: From the definitions of (3.9) and (5.1), it is clear that
every strongly § — 13 — open mapping is open as well as § — {3 — open,
and we have the following figure:

Strongly-E-open mapping »| Strongly- 6-8 open mapping

A\ 4 A 4

v

Quazi-E-open mapping Quazi-6-f3 open mapping

A 4 \ 4

v

é-f8 open mapping

E-open mapping
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Figure (3): the relationships between strongly § — 2 —
open mappings and other of well-known kinds of generalized open
mappings

"However, the converses of the implications are not true in general as shown
in the following examples’.
Examples 5.3: Let X = Y = {x, ¢, w, 3}, define a topology
T = {(p, X, {x} {w} {x, 4}, {x,w} {x, 4, w} {x,w, Z}} and define a mapping
f: (X, 7) — (Y, T*) as follows: f(x) =z, f(¢) = 3, f(w)
=y and f(z) = w.Then
clearlythat, f is § — 3 — open, butitis not E
— open mapping. Moreover f neither strongly
6 — 3 — open nor strongly E — open.
Examples 5.4:Let X = Y = {a, b, ¢, d}, define atopology
T
= {(p, X,{b},{d},{b,d},{c,d},{b,c,d},{a,b, d}} and define a mapping
f:(X,T) — (Y, 77) as follows: f(a) =a,f(b) =4, f(c)
=band f(d) =c.
Then, f is strongly 6 — 13 — open , but not strongly E
— open mapping, since there exists
the subset {a, b} € EX(X,T),but, f({a, b}) = {a,d} & EX(Y, T*).
Definition 5. 5: A topological space(X,T) is said to be a Ts_g
— space [23] if every
6 — 8 — open subset of (X, T) is openin (X, T).
Remark 5.6: If f: (X,T)
— (Y, T*) is quasid — 18 — open mapping and Y
isa Ts_p — space, then quasi § — {3 — openness coincide with strongly 6
— 13 — openness.
Definition 5.7: A mappingf: (X, 7) — (Y, T*) issaidtobe § — 8 —
irresolute [21]if
f71(V)is § — & — openin X for every § — R — open setV of Y.
Theorem 5. 8: Suppose that f: (X, 7) — (Y, T*) and g: (Y, T*)
— (Z,T**) are two
strongly § — 8 — open mappings. Then, gof: (X,T)
— (Z,7"") is strongly § — R —
open mapping.
Proof: The proof is obvious thus omitted.
Theorem 5.9: A mappingf: (X, T) — (Y, T7) is stronglyd — 8 —
open if and only
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ifVx € X and foreachU € § — R2(X,T) with x € U, there existsV
€6 —RI(Y, T
such that, f(x) € Vand V € f (U).
Proof: It is clear thus deleted.
Theorem 5.10: A mappingf: (X,T)
— (Y, T7) is stronglys — 3 — open if and only
ifVx € X and V § — 3 — neighborhood U of x
€ X,3 and — R — neighborhood V of f(x)
in Y such that,V < f (U).
Proof:suppose that U is an § — 3 — neighborhood of x € X'. Then 3 W
€6 —RX(X,T)
x€EWCUSo,f(x) e f(W)
C f(U).Since f is strongly § — 8 — open, this implies,
FW) €8 —RE(Y, T*). SoV
= f (W)isan é — 8 — neighborhoodof f(x) &V
C f(W.
(Conversely),LetU € § —RZ(X,T)and x € U,thenUisan§ — 8 —
neighborhood
of x. So via supposition, there exists an § — f3
— neighborhood V,, of f(x) such that,
f(x) € Vrepy € f(U). It follows f(U) isand — B
— neighborhoodof of each of its points.
Therefore, f(U) € 6 — BZ(Y, T*), hence f is strongly § — 3 — open
Theorem 5.11: A mapping f: (X,T)
— (Y, T*) is strongly § — 8 — open if and only if
f(6—R—Int(A)) €6 —R—Int(f(A))foreach A S X.
Proof: Assume that A € X and x € § — R — Int(A).So, U,
€ § — RX(X,T) such that,
x €U, € A.Then, f(x) € f(U,) € f(A) and via assumption, f(U,)
€68 —R(Y, TH.
Hence, f(x) € § — R — Int(f (A)). Therefore, f (6§ — R — Int(A))
c §—R—Int(f(A)).
(Conversely), Let U
€ § — RE(X,T).So via assumption, f (6 - — Int(’u))
e (e
Int(f(’u)). Since§ —R—Int(U) =Uand § — 8 — Int(f(U))
C f(U).Hence,
f(W) =6 — R — Int(f(W)). Thus, f(U) € § — BE(Y, T*).
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Theorem 5.12: A mappingf: (X,T)
— (Y, T7) is strongly § — 8 — open if and only
if§ — R — Int(f~1(B)) < f~*(6 — B — Int(B)) for each subset B of Y.
Proof: Let B be any subset of Y. Since § — 8 — Int(f ~*(B))
€6 —RE(X,T)and f
is strongly § —  — open, then f (6§ — & — Int(f "1(B)))
€ 6 — RE(Y, T*).Also we have,
f(6 =R —Int(f~*(B))) € f(f~*(B)) € B.Sof (6 — B — Int(f~*(B)))
c§—R—mnt((B))
Therefore, § — & — Int(f~1(B)) < f~1(6 — B — Int(B)).
(Conversely), Assume that A € X. Then f(A)
C Y. Hence via assumption, we obtain,
§ — R —Int(f(A)) € 6§ — R — Int(f1(f(A)))
c (6 — R — Int(f(A))). This implies ,
f (8= &= Int(A) € F(F7(8 — & — Int(f(A))))
c § — B — Int(f(A)). Thus,
f(6—RB—mnt(A)S6—R—Int(f(A) VA
C X.Thus, by Theorem (5.11), we get
f is strongly § — 3 — open.
Theorem 5. 13: A mappingf: (X,T)
— (Y, T) is stronglyd — 3 — open if and only
iff 71(6 — R — CL(B)) € § — R — CI(f~*(B)) for each subset B of Y.
Proof: Suppose that, B € Y and x € f~1(6 — B — CI(B)).Then f(x) €
§ — R — CI(B).
LetU € § — RE(X,T) (s.t) x € U, via supposition, f (U)
€6 —RE(Y, T%) & f(x) € f(W),
Hence, f(U) N B # ¢.Thus, U N f~1(B) # ¢.S0,x
€ 8§ — R — CI(f~*(B)). Therefor, we get
f (6 -RB—CUB)) S 6—R—CL(fLUB)).
(Conversely), Let B be any subset of Y,then Y — B
C Y, via supposition, we have
f(6-RB—Cl(Y—B)) €6—R—CI(f*(Y —B)). This implies that,
X=8-RB-Cl(f (Y-B) cX—f1(6—-R-CIl(Y—B)).Thus,
X=86-RB-Cl(X—-f2B)<cfY—-6—-R—CI(Y—B)).Thus,
§—R—Int(f1(B) cf(6-R-
Int(B)).So, via Theorem (5.12), we obtain
f is strongly § — 3 — open.
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Theorem 5. 14: Letf: (X, T) —
(Y, T*) be amapping and g: (Y, T*) — (Z,T*)
be astrongly § — 13 — open injective. If gof: (X, T)
— (Z,T7*) is § — 18 — irresolute,
then f is§ — 3 — irresolute.
Proof:LetU € § — BX(Y, T7).Since g is stronglyd — 8 — open. Then,
gU) es—B—-X(Z,T). Aswell as,gof isd — 3
— irresolute, therefore we obtain
(gof)_l(g(‘u)) € 6 — RX(X,T).Since g is injective, so we get

(90N (g(W) = o g™ (g(W) = £ (g7 (9(W)) = F (W)

= (W) € § — RT(X, T).
Then, f is § — 3 — irresolute.
Theorem 5.15: Letf: (X,T)

— (Y, T*) be a stronglyd — 8 — open surjective, and
g9: (Y, 7%) — (Z,T7*) be any mapping. If gof: (X,T)

— (Z,T") is § — 8 — irresolute,
then g is § — 3 — irresolute.

Proof: Assume that V
€ 6 —RE(Z,7").Since gof is§ — R
— irresolute, then(gof)~1(V)

€ 6 —RE(X,T).As well f isstronglys — 13

— open,so we get f((gof) 1 (V) € § —
BX(Y, T*).Since f is an surjective, Then,
fl(gof)*(M] = (fo(gof) (V) = [fo(f "o g~HI(V)

= [(fof D og IV) = g (V).
Hence, g is 6 — 13 — irresolute.
Theorem 5.16: Letf: (X,7) — (Y, T*) and g: (Y, T*)

— (Z,7") be two mappigs
such that gof: (X,T) — (Z,T**) is a strongly § — 8 — open mappig;
If f is § — f3 — irresolute surjective, then g is strongly § — {3 — open;
If g is 6§ — 13 — irresolute injective, then f is strongly § — 2 — open.
Proof: (@) - Supposethat,U € § — REZ(Y, T).Since fis§ — R —
irresolute, consequently,
f7(U) € § — RX(X,T).Now since gof is strongly § —

— open and f is surjective, then
gof (fH(W) = g(W),

€ 6 —RX(Z,T*"). This implies that g is strongly § — 3

— open.
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(b)- Assume that, V € § — RE(X, T).Since gof is strongly § — 8 —
open, therefore
(gof)(V) € § —RE(Z,T**). Again we have, g is§ — 8

— irresolute and injective, thus

g7 (gof(M) = f(V)ed—

BX(Y, T).This shows that f is strongly § — 8 — open.
Theorem 5.17: Letf: (X,,T)

— (Y, T*) be a strongly § — R — open bijective mappig.
Thenthefollowing statements hold:

If X is§ — 3 — T, space,then Y is§ — 18 — T;.

If X is § — 8 — T, space,then Y is § — 3 — T,.
Proof: (a) — Lety, and ¢, be any two distinct points inY. Then
Jx;and x, in X, such that f(x;) = g;andf (x,) = ©,. Since
X is § — 8 — T, then, there exist two
6 —f3 —opensetsUand Vin Xwithx; € U,x, € U&x, EV,x, &
V.Nowf (U) and
f (W)are § — 15 — open setsin Y with ¢, € f (U),y, & f (U) and ¢, €
fW),y & f ).
Proof: (b) - is similar to (a). Thus is omitted.
Theorem 5.18:If f: (X, T)

— (Y, T*) be a strongly § —  — open bijective mappig.
Then the following statementshold:

If Y is 6 — 3 — compact space, then X is § — {3 — compact.
If Y is § — 3 — Lindelof space, then X is § — 3 — Lindelof.

Proof:(a) — LetD; ={U: A€ A}beand — 3 —
open cover of X. Then
K, ={f(Uy): A € Alisacoverof Y by § — 3

— open sets inY .Since Y isé — 13 — compact
space, Then X; has a finite subcover X, =
O WUa,)of (Ung)s oo f (Un, )3

for Y. Then D, = {U,,,Uy,,.. ..., Uy, }is afinite subcover of D, for X.

Proof: (b) - is similar to (a). Thus is omitted.
Theorem 5.19:1If f: (X, T)

— (Y, T*) is a strongly § — 3 — open surjective mappig
and Y is § — 8 — Connected then, X is § — 8 — Connected
Proof: Assume that X isnot§ — 13 —
Connected.. Then there exist two non — empty
disjoint § — {3 — open sets U and V in X such thatX’ = U U
V.Then f (U)and f (V)
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are non — empty disjoint § — 3 — open sets in Y with Y =
f (W U f (V)which
contradicts the fact that Y is§ — 8 — Connected.
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CONCLUSION

Generalized open sets place a significant role in general Topology and it
applications. And many topologists worldwide are focusing their researches
on these topics and this mounted to many important and useful results.
“Indeed a significant theme in General Topology, Real analysis and many
other branches of mathematics. One of the well-known concepts and that
expected it will has a wide applying in physics and Topology and their
applications is the concept of § — 3 — open sets.” "One can observe the
influence of general topological spaces in computer sciences and digital
topology [24, 25], computational topology for geometric and molecular
design [26], particle physics, high energy physics, quantum physics and
Superstring theory [27,28,29,30]". In this paper we introduced and
investigated the concepts of new classes of mappings such as § — 8 — open,
quasi o-B-open, and strongly & — f3 — open mappings which may have
very important applications in quantum particle physics, high energy
physics and superstring theory. Additionally, the fuzzy topological version
of the concepts and results introduced in this paper are very important, since
El-Naschie has shown that the notion of fuzzy topology have very important
applications in quantum particle physics especially in related to both string

theory and € theory [31].
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