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ABSTRACT

In this article, we consider the Randers metric and we proved that it is a weakly Berwald
metric. Further, we show that, the difference tensor corresponding to the Cartan and Berwald
connections are invariant under C- conformal transformation.

1. Introduction

The concept of (a, B)-metric L(a, B) was introduced in 1972 by Matsumoto.
Let F* = (M™ L(a,B)) be an n-dimensional Finsler space with an (a,B)-
metric L(a, #). The fundamental function L(a, 8) is a positive homogeneous of

degree one in a and B, where a = /aij(x)yiyf is a Riemannian metric and

S = b;(x)y' is a differential 1-form in M™. In F™, the Riemannian space R" =
(M™, ) is called an associated Riemannian space with F™ and the Riemannian
connection constructed by « is called the associated Riemannian conncetion

with F™, which is denoted by the Christoffel symbol L;{} of R™. In F", the

difference tensors of the Finsler connection are given by the differences of the
h-connection co-efficients of the Finsler connection and the associated
Riemannian connection. The fundamental Finsler connection are the Cartan

connection CT = (T}, G}, C%; ) and Berwald connection BT = (G}, G}, 0).
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Definition 1.1. A spray is called a weakly affine spray if the (hv)-Ricci
curvature tensor Gy; = 0 where Gy; = GJ;.

We denoted the difference tensors of CT and BT by D}, and 'Dj, i.e., D}, =
o —{IZ} Dy = Gy — L‘k} respectively. It is well known [12] that if the

covariant vector b; is parallel with respect to the Riemannian connection, then
Dj, = 0 and the space becomes a Berwald space.

In the present paper, we consider the Randers metric and we proved that it is of
weakly Berwald metric and also we have shown that the difference tensors
corresponding to the Cartan connection and Berwald connection are invariant
under C-Conformal transformation.

Difference tensors of Randers metric

In this section, we consider an n-dimensional Finsler space F"* = (M", L(«, B))

with Randers metric L = a + . Let [' be the normalize supporting element yfl

The fundamental metric tensor g;;(x,y) and its reciprocal tensor g/ (x,y) of
the Randers space F™ are given by

gij = ta;; + b —ib; + (Yib; + Y;b;) + —uYrY; (2.1)
and

g¥ ={a¥ — (I'b) + UbY) + (b% + w)l'lV }/,

Where, we put

=agVl, vi=X u=bY, t=t=+w, b?=bib,

a%L
dytoyJ

The angular metric tensor defined by h;; = L ( ) is reducible to

hi; = t(a;; — YiY)). (2.2)
Differentiating (2.1) partially with respect to y*, we have
_10gi; _ 1

k= 20yk 2L (hijmue + Rjem; + higmy), (2:3)

Where, m; = b; — %% = b; — uY;. From the relation (2.3), we have
. 1, . .

Where, h}: = g"h,;, m‘ = g"m,
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In Randers space F™, the Riemannian space R™ = (M™", L) is called associated
Riemannian space with F™. The Christoffel symbols of R™ are denoted by {I;C}

We assume that V, stands for the covariant differentiation with respect to x*,
relative to associated Riemannian connection, we put

k

bix+by;
_ YjkTPkj
Ej = =

bjk — by;
b = === byjxy

Then a straight forward calculation leads us to
Y = 9" virj = 9% (8;9ir + 0:9+j-0,9:))/2,

k . s s S
- {ij} + By + LES + GEE+ {o i+ {g ) 6 = {gp 9 Cus + oy E +

boiNf — bomg™* Ny, (2.6)
Where, we put [; = Y; + b;, F¥ = g*'F,,.

For the symmetric tensor N;; = % and covariant vector [, we get N;, = 0,
l, = L, here the suffix "0" means the contraction by y'.

Putting 2G' = y§, = y},.y/¥*, we have from (2.6)

i

26! = {00

}+ iEgo + 2LF 2.7)
The non-linear connection Gji = ajci is obtained as follows

Gl = L‘O} + U + LFE + (NT = I™CL )Ego + L(F} — 2F"CL)  (2.8)

In the Berwald h-connection Gjik = aij" of the Randers space, we get
G = {lk} + UEjic + LeFf + 1 + 2(Nj Exo + NEjo + NjF§) + 9™ NojaoyEoo —
ZS(jk){CrinjA}("} + AS(ZCjimCst - Csij(k))1 (2.9)
Where, we put

Zl = lenEOO + lmEkO + lkF(;n + LF]:n,

/15 = lSEOO + 2LFOS,
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Sito = 0kCljs
Ninjgy = OkNmjr S {CmjAR} = CrjAR + Cop AT
Now equation (2.7) can be rewritten as

. l i . i
Gl = {00} +L Ego + 200" Frg — 20 b7 Fy. (2.10)

From the above equation, we obtain

i l E, a;, a; a:

Gl = 2{,.0}+ 2B — 22 (%2 + by) — 222 Fy + 2aF; — 2aF (2 + 1) | +
. e , e

(8120 + 22207 Fyg + 200" Fyy — 22 Fos)). (2.11)

After contraction (2.11) by the indices i,j and differentiating this equation by
y*k&y!, we get the following

o g () (240

e () + 5 (%mk))]

Hence from the structure of the above equation, we have

_(n+2)
K=

Theorem 2.1.in a n-dimensional Randers space if E = Othen F"is weakly
Berwald space.

The Cartan h-connection F]k‘ of the Randers space is well known [12] as
follows:

O =V + 9™ Cir Gl — CL.G] — CLGT,

= {,‘k} + I'Ejye + [iF{ + +1cF} + boiNf + bo;Ni — (CL AT + Cf A, —
95 Cirer AT) = bomg™ Nt + 2°(Com €S} + CemC3} — CiiCins) (2.12)

Form (2.12), the difference tensor of the Cartan connection CT is given [10] as
follows:

= liEjk'+ LiFL + lkg:ji + bOkNj_i + by N} — ((:,irA; + ClL AL — 95 Cirr AT) —
bomd™ Nk + A5 (ChmCl} + CimCe} — CHChns),

Next from (2.9) the difference tensor of Berwald Connection BI” is given by
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v [

= l'Ej, + L F} + iF + 9™ NmjoEoo + 2(N/Eyxo + NiEjo + N F§) —
28 (i Cmj AR 1H2° (26 € — Cjae)-

= UEjy + UF! + [FE + g™ Nimjao Eoo + 2(N/Eyo + NiEjo + NjF{)
~25(ji{Cmj AR} + 2°(2Cin i = Cjii)-

On C-conformal change of Rander space

Consider two Rander spaces F™ and F" represented by the same co-ordinate
system. Let R™ and R™ be the associated Riemannian spaces with the metric
tenso a;;(x) and a;;(x) respectively.

Now we have the relations,
aij = ezaaij, Ei = e“bi, (31)

Where o = o(x) is a scalar function. Under C-Conformal transformation of the
Rander space F™ = (M™, L(a,f)), where L = a + 8 we have the following
relations

ll = eo-lli Zl = e—O'li, hl] = eZO‘h”’ _Jl = h]ll g_L] = ezagijl .g_l] = e_zagiji
(3.2)

CTl]k =e UCL']Ia _jik = jik1

m=u, m; = e’m;,

Now taking covariant derivative of b; with respect to x/ in R™, we have

— — ab; — (1)
V)b; = b =2 - b {]k}. (3.3)

Where, we used the relation

IR [

{]k} = le} +6{a; + 8f0; — a;;a"™o,y, (3.4)

Where, o; =% with the help of relations (3.1) and (3.2), equation (2.5)
reduced to

bij = e?(bij — oib; + a;jb™ay,), (3.5)

Eij = e"(El-j - O'l'bj + al-jambm),
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Eqo = €7 (Eg — 0obo + a?yby),
Fyj = e?(Fy; — oiby),
Ff =e o (FF - g¥a.b)).

If we assume that Eij = b;; = 0, then the relation (3.5) after simplification, we
get b™a,,, = 0 for n > 1. Since o # 0, then we have

Theorem 3.1. If n> 1 the vecor field b; is parallel with respect to the
associated Riemannian connection and the vector field b; is parallel with
respect to the C-Confomally transformed associated Riemannian connection
then the vector b! is orthogonal to o;.

Now we shall find the connection coefficients of the Cartan and Berwald
connections of a C-Conformal transformed Randers space. The C-Conformal
transformation of (2.7) is reduces to the following forms

G'=G'—B"g,, (3.6)
where

B" ={a?a’ — 2y'y" + I'(y"by — a?b") + Lg" (67 by — y" b))}/ 2.
Next differentiating (3.6) with respect to y*, we have

G/ = 8;G' — 8;(B""g,),

= Gj — /"oy, (37)
Where,

Bf" = a"y; — (&fy" + &yl {_(5f”°+y b))

— - Y,-br} + N/ (y"by — a?b") +

g™ (L) 4 Lgitah,.
Furthermore differentiating (3.7) with respect to y*, we obtain
Gire = Gjie + or(Bji), (38)
where
= Qi+ 16T b — apcb™} + Sio{6 bo + yB; — 2Y;b" + ;g™ 6] by} +

; l L i
I\Gkgll(5zrbo - yrbj) +;k(alj - lllj) - ;(alk - lllk)lj + Lk} by —
a’bh), (3.9)

Qi = apa™ — 8L87 — &/67. (3.10)
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Therefore, we have the following

Theorem 3.2. Under C-conformal transformation of the Randers space, the
connection co-efficient of Gj, Gjy of a Berwald connection BT are transformed
as (3.7) and (3.8) respectively.

Next, we shall calculate the C- Conformal transformed Quantity T Tk " of the

Cartan connection co-efficients I}'. Using (3.2) and (3.7), we can see that
(2.12) is transformed to the foIIowmg form

iy ] o - .
Gi = { i} + Uy + [F + LF + Do} + Bo;Ni = bomd™ Ny =
(CirA7 + CLA, — G5 Cr AT) + 25 (CimC + CinCiF — CiChs), (3.11)

Where,
8 by +6kbji)\ . o (8Th.— 8Th,—b;
jk = Q (ajkbr — —( J k: i ])> '+ ljglr (6kbr2_bk) + 1 ( : 2_]> +
Sty (N} (Gb™ = y7bie) ) + g7 Nge (¥ by = Yib), (3.12)

= A7 + 0, [(@?b" =y bo) NI + (axoh” — (8bo + Y7 bo))I™ +
g™ () e+ () 1]

Form the difference of (3.8) and (3.4) we have

ymi A i

=D} — 'le'kr oy,
where ‘T = B —Qf%,
From (3.9) we have
’7}11: = li{é}rbk - ajkbr} + S(]k){djrbo + yT'bj — 2Y bT‘ + ljgil5[bk}
. l
Ny g™ (87bo — y'b;) + 7" (ay —Ll) - (alk LLOL
+ le} (y"by — a?b")
Thus we have

Theorem 3.3. A difference tensor Dk of the Berwald connection of the
Randers space is invariant under C-Conformal transformation if and only if
T or = 0.
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Now we shall calculate the C-Conformal transformation of difference tensor
i OF CT.

From (3.11) and (3.5) we have

Ejik = _ﬁcl - {]Tk}

= Dji — Tji 0y (3.13)

where Tjy = Ujx —Qj.

From (3.13) we get

ir

(87 by + 8B\ . (Kb, —b 8 b, — b;
_ i Pk k Uj kDOr k j or J
JE (af"br - f) Lrhg” <T> Tl (T)
+ S(jn (Nf (Yb" — yrbk)) + 9™ N (y" by, — Yib")

Theorem 3.4. The difference tensor D}k of the Cartan connection is invariant
under C-Confomal transformation of the Rander space if and only if Tjilﬁ = 0.

The following lemma has been proved by C.Shibata, H.Shimada, M.Asuma
and H.Yasuda [12]

Lemma 3.1. The difference tensor ]-ik vanishes if and only if the covariant
vector field b; is parallel with respect to the associate Riemannian connection.

In vive of the above lemma and the relation (3.13), we have the following

Theorem 3.5. If the vector field b; is parallel in the associated Riemannian
space R™ then the vector field b; is parallel in the C-conformal transformed
associated Riemannian space R™ if and only if T}; o, vanishes identically..
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