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Abstract-. The objective of this work is to proposed a new notion called H(.,.)-¢-n-mixed
monotone mappings in semi-inner product spaces and define generalized resolvent operator linked
with H(.,.)-@-n-mixed monotone mappings. Further, we perusal its aspects single-valued property
as well as Lipschitz continuity. As an application, we also make an attempt to find the existence of
solution of set valued variational inclusion involving nonlinear operators and study the graph
convergence of proposed iterative algorithms.

1. Introduction.

In 2014, Sahu et al. [13] proved the existence of solutions for a class of nonlinear
implicit variational inclusion problems in semi-inner product spaces, which is more
general than the results studied in [14]. Recently Luo and Huang [10], introduced
and studied (H, ¢)-n-monotone mapping in Banach spaces which provides a
unifying framework for various classes of monotone mapping. Most recently, Bhat
and Zahoor [1, 2], introduced and studied (H, ¢)-n-monotone mapping in semi-
inner product space and discussed the convergence analysis of proposed iterative
schemes for some classes of variational inclusion through generalized resolvent
operator. For the applications point of view, see [3, 8, 10, 12, 13, 14, 16, 17].

The aim of this work is to investigate the notion H(.,.)-¢-n-mixed monotone
mapping in semi-inner product space. First, we define its resolvent operator and
study its characteristics single-valued property as well as Lipschitz continuity. We
also make an attempt to find the existence of solution of set valued variational
inclusion involving nonlinear operators and study the graph convergence of
proposed iterative algorithms. The obtained results are quite similar to above
discussed research work but we utilize distinguished notion and approach to solve
variational inclusion problems in 2-uniformly smooth Banach space. Our work is
the extension and refinement of the existing results, see [1, 2, 5, 6, 8, 10, 17].
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For a detailed study and fundamental results on semi-inner product spaces,
one may refer to Lumer [11], Giles [4] and Koehler [9].

Definition 1.1 [13, 15] The Y be a Banach space, then
lu+vii+lut—vi|

(i) modulus of smoothness of Y defined as oy(s) = sup{ > —1: |

ut IS L, vt IS s}; (ii) Y be uniformly smooth if limg_,, 0y(s)/s = 0;

(iii) Y be p-uniformly smooth for p > 1, if there exists ¢ > 0 such that gy(s) <
csP;

(iv) Y be 2-uniformly smooth if there exists ¢ > 0 such that oy (s) < cs?.

Lemma 1.2 [13, 15] Let p > 1 be a real number and Y be a smooth Banach space.
Then the following statements are equivalent:

(1) Y is 2-uniformly smooth;

(ii) There is a constant k > 0 such that for every v, w! € Y, the inequality holds ||
vi+w! 2] v 124 2wl fa) + kI wt 12, where f. € J(vl) and J(v!) =
vI* e Y (vhL vy =l vl 1?2 and | v* II=ll vt I} is the normalized duality
mapping.

Remark 1.3 “ Every normed linear space Y is a semi-inner product space (see
[11]). Infact, by Hahn-Banach theorem, for each v! € Y, there exists at least one
functional f,» € Y* such that (v1,f,1) =Il v [I2. Given any such mapping f: Y - Y*,
we can verify that [w',vl] = (wl,f,1) defines a semi-inner product. Hence we
have the inequality Il v + w! I2<Il v! 124 2[w?, f,1] + s Il w? I2. The constant s
is called constant of smoothness of Y, is chosen with best possible minimum
value", [13].

2. Preliminaries

Let Y be a 2-uniformly smooth Banach space. Its norm and topological dual space
is given by |I. |l and Y™, respectively. The semi-inner product [.,.] signify the dual
pairamong Y and Y*.

In order to proceed the next, we recall some basic concepts, which will be
needed in the subsequent sections.

Definition 2.1 [10, 13] Let Y be real 2-uniformly smooth Banach space. Let single-
valued mappings H,n:Y XY - Y,and Q,R:Y — Y, then
(1) H(Q,.) is (u,n)-cocoercive in regards R if there 3 constant p > 0 such that
[H(Qu,x) — H(Qu',x),n(u,u)] = u I Qu—Qu' I3, Vx,u,u' €Y;
(it) H(., R) is (y,n)-relaxed monotone in regards R if there 3 constant y > 0 such
that
[H(x,Ru) — H(x,Ru),n(w,u")] = =y lu—u I3 Vx,u,u' €Y;
(iii) H(Q, .) is k4 -Lipschitz continuous in regards Q if there 3 constant k; such that

8121



H(.,.)-¢@-n-Mixed Monotone Mapping with
An Application in Semi-Inner Product Space

PJAEE, 17 (9) (2020)

I HQu,x) —HQu',x) I < k; lu—u'l,Vx,u,u' €Y;
(iv) n is be t-Lipschitz continuous if there 3 constant T > 0 such that
In(wu) <t llu—u' ll,Vu,u' €Y.
Definition 2.2 Letn:Y XY — Y be the mapping and M:Y X Y — Y be the multi-
valued mapping. Then M is called (m, n)-relaxed monotone if 3 a constant m > 0
such that
[v* —wnww)]=-m llv—-wl?Vv,w€eY,v'e M(,t)w
€ M(w,t),for each fixed t € Y;

Definition 2.3 A multi-valued mapping S:Y — CB(Y) is called D-Lipschitz
continuous with constant Ag > 0, if
D(Sv,Sw) < As lv—wl,
VYv,w € Y,where D(.,.) is Hausdorff metric CB(Y).

3. Preliminaries

Let Y be 2-uniformly smooth Banach space. Assume that n,H:Y XY - Y, and
¢,Q,R:Y =Y be single-valued mappings and M:Y xY — Y be a multi-valued

mapping.

Definition 3.1 [6] Let H(.,.) is (u,n)-cocoercive in regards Q with non-negative
constant u and (y, n)-relaxed monotone in regards R with non-negative constant y,
then M is called H(.,.)-¢-n- mixed monotone in regards Q and R if for each fixed t,
@oM(.,t) is (m,n)-relaxed monotone in regards first argument and (H(.,.) +
ApoM(.,t))(Y) = Y,A>0.

Let us consider the following

Assumption My: Let H is (i, n)-cocoercive in regards @ with non-negative constant
u and (y,n)-relaxed monotone in regards R with non-negative constant y with yu >
Y.

Assumption M,: Let Q is a-expansive.

Assumption M3: Let n is t-Lipschitz continuous.

Assumption M,: Let M is H(.,.)-¢-n-mixed monotone mapping in regards Q and
R foreach fixedt €Y.

Theorem 3.2 [6] Let assumptions M;, M, and M, hold good with £ = pa? —y >
mA, then (H(Q, R) + ApoM(.,t))~ ! is single-valued.

Definition 3.3 [6] Let assumptions M;, M, and M, hold good with £ = pa? —y >

mA then the resolvent operator Rﬁgt))_ oY = Yisgivenas RZEE)_ () =

(H(Q,R) + ApoM(.,t)) 1(u), Vu ey.
Theorem 3.4 [6] Let assumptions M;-M, hold good with £ = ua? —y > maA andn

H(.,.)-7,

is 7-Lipschitz then Ry, "}

Y - Y is ——-Lipschitz continuous, that is,
f—-mA
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H(,)— H(,)— .
I Ry a0 ) = Ryt () IS ==l y =z I,Y y,z € Y, and fixed t €Y.
Here, we are given the graph convergence for H(.,.)-@-n-mixed monotone mapping
Definition 3.5 Let set-valued mappings {M*}, M:Y — Y are H(.,.)-@-n-mixed
monotone mappings in regards Q and R for k = 0,1,2,.... The sequence M* is graph-
HYG

convergent to M, denoted by M¥ N M, if for every (x,y) € M there exists a
sequence {(xy, yx)} € graph(M¥) such that x;, —» x,y, = y as k — oo.

Lemma 3.6 Let set-valued mappings {M*}, M:Y x Y — Y be H(.,.)-¢@-n-mixed
monotone mappings on Y for k = 0,1,2,.... with assumptions M;-M, hold good

with £ = ua? —y > mA. H(Q,R) is k4, k, Lipschtiz continuous in regards first
HYG
: n : .
and second component, respectively. Then sequence M¥ — M if and only if

RHG)=M (u) - RHC)=n (u) forallu € Y and A > 0, where

MRG0 Mb)@
HC)-n k -1 pH(G)-n
RMk(,tk),(p - (H(. ) ) + AQDOM (. ) tk)) ) RM(,t),(p

= (H(.,.) + ApoM(.,t))" 1 for each fixed t;, t, respectively.

The proof of the above lemma can be easily obtained.

4 Formulation of the Problem and Existence of Solution.

Let Y be 2-uniformly smooth Banach space. Let S,T,G:Y - CB(Y) be the
multi-valued mappings, and let Q,R,p:Y - Y, P:Y XY > Y andn,H:Y XY - Y
be single-valued mappings. Suppose that multi-valued mapping M:Y XY — Y bea
H(.,.)-@-n-mixed monotone mapping in regards @, R. We consider the following
generalized set-valued variational like inclusion problem to find u € Y, v € S(u),
w € T(u) and t € G (u) such that

0€ P(v,w)+ M(u,t).
(4.1)
Huang et al. [7] studied similar problem to (4.1) when M is maximal monotone
operator in Hilbert space.

Lemma 4.1 Let us consider the mapping ¢:Y — Y such that o (v + w) = ¢p(v) +
@(w) and Ker(p) = {0}, where Ker(p) ={v € Y: p(v) = 0}. If (w, v,w, t),
whereu € Y, v € S(u),w € T(u) and t € G(u) is a solution of problem (4.1) if
and only if (u, v, w, t) satisfies the following relation:

u = RZE&Z [H(Qu, Ru) — ApoP(v,w)].

(4.2)

Theorem 4.2 Let us consider the problem (4.1) with assumptions M;-M; hold good
and (v +w) = @p(v) + ¢(w) and Ker(¢) = {0}. Let S,T and G are Ag, Ay and
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A¢ D-Lipschitz continuous, and H(Q, R) is k;, k,-Lipschitz continuous in regards
Q and R, respectively. Let @oF is (v,n)-relaxed monotone in first component and
€1, €;-Lipschitz continuous in the first and second component, respectively with
0 < /{(k1 + 12)% + 2VAAZ + 26,45 (K, + k) + TAg) + €22242) <
(A=$25)(E-md) _ €,AAr and
T
H(.,.)—¢p— H(,.)—¢p— * %
I Ry 7MW = Ry ) IS E NNt =t LV £t €Y,E > 0.

Then problem (4.1) has a solution (u, v, w, t).

Proof: Let A:Y — Y be single-valued mapping such that

A@w) = Ry [H(Qu, Ru) — ApoP (v, w)]. (4.3)

By Lemma 4.1, it is sufficient to show that the mapping A is a contraction. Since
S,T, G are D-Lipschitz continuous, then

Il v—v* IS D), SW)) <Al u—u* |, (4.4)
Ilw—w*II<D(TW),T(W") <A lu—u*l, (4.5)
It —t* IS D(G(w),G(u*)) <A lu—u*l. (4.6)
I A(w) — AW 1=
I Ry [H(Qu, Ru) — ApoP (v, w)] — Ry [H(Qu*, Ru*)
— ApoP(w*,w)] I
. T
—f{—mA

I H(Qu, Ru) — H(Qu*, Ru*) — A(poP (v,w) — poP(v*,w)) Il
+ ﬁz Il poP(v*,w) — @oP(w*,w") I +& Il t —t™ Il.
(4.7)

I H(Qu, Ru) — H(Qu*, Ru*) — A(poP(v,w) — @oP(v*,w)) II?
<Il H(Qu, Ru) — H(Qu*, Ru*) I
— 2A[@oP(v,w) — @oP(v*,w),n(v,v*)]
+2A || poP(v,w) — @oP(v*,w)
Ix {Il H(Qu,Ru) — H(Qu*,Ru*) Il +Il n(v,v*) I}
+22 | oP(v,w) — @oP(v*,w) II?.
(4.8)

By the k4, k,-Lipschitz continuity of H(.,.) in the first and second component,
respectively. We get

I H(Qu,Ru) — H(Qu*,Ru™) I< (k1 + k) lu—u™|l.

(4.9)

By €4, €,-Lipschitz continuity and (v, n)-relaxed monotonicity @oP(.,.), and
(4.6),(4.7), we have
Il poP(v,w) —poP(w*,w)) IS e, lv—v" IS ,D(S(w),S(u")) <
€ s lu—u* |, (4.10)
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Il poP(v*,w) — poP (", w*)) IS & lw—w*I< e,D(T(w), T(u")) < A7 |l

u—u*|l, (4.11)
[90P (v, w) — poP(v",w),n(v,v)] < —v Il v — v° I2< —vA2 Il u —
u* |12 (4.12)

Using (4.8)-(4.12), we get
Il H(Qu, Ru) — H(Qu",Ru*) — A(poP(v,w) —poP(w* ,w)) I <
V{(1 +162)2 + 2VA22 + 26, M5 (161 + k) + TAs) + €222} lu — u” |l
(4.13)
Using (4.6), (4.13) in (4.7), we get

IlA(u) —A@) IO lu—u"l,

where

T

=l

[J{(Kl + K3)2 4+ 2VAAE + 26, A5 ((kq + K3) + TAs) + €24242}

+ e, A7) + EA¢ ).
Using the given condition, we have 0 < ® < 1. Hence, by Banach contraction
principle, A has a fixed point (say) u €Y. Hence, we get A(u) =

H(,)—
Ry"5 7 [H(Qu, Ru) — ApoP (v, w)].

Lemma 4.1 permit us to suggest the following iterative scheme to find the
approximate solution of (4.1).

Algorithm 4.3 For any given z, € Y, we can choose uy € Y, vy € S(ug), wy €
T(up), to € G(up) and 0 < € < 1 such that sequences {u}, {vi}, {w} and {t;}
satisfy

H(,)—
ru‘k+1 = RMgc(),t)ZD (Zk)'

Uk € S(u), Il v = Vperr 1S D(S (i), S(Wper1)) + €1 1wy — tpeqq |,
{wi € T(wi), | Wi = Wi I S D(T (o), T (Uges1)) + € 1 e — Uy I,
tr € G(ug), Il ti =t I S D(G(uk), G (Uges1)) + € 1 uge — tge |,
Zip1 = H(Quy, Ruy) — ApoP (v, wy),

\
where A > 0, k = 0, and D(.,.) is the Hausdorff metric on CB(Y).

Theorem 4.4 Let us consider the problem (4.1) with assumptions M;-M,. Let
HYG

M¥:Y XY — Y be H(.,.)-¢@-n mixed monotone such that M* L Mask > oo, let
@:Y =Y be a single-valued mapping with (v +w) =)+ ¢(w) and
Ker(¢p) ={0}. Let S,T and G are Ag, Ar and A; D-Lipschitz continuous and
H(Q,R) is k4, k,-Lipschitz continuous in regards A and B, respectively. Let @oF
is (v,n)-relaxed monotone in the first component and €, €,-Lipschitz continuous
in the first and second component, respectively with
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0< \/{(Kl + K3)2 4 2VAAE + 26, A5 ((kq + K3) + TAs) + €2A2242}

L1 =) —mh)
T

H(,)—¢-1 _ pHG)—9-7 _ *
and || RMk(.,tk) (w) RMk'l(.,tk_l)(u) I<SENt, —tp  LVELE EY,ESDO.

Then the iterative sequences {u;}, {vy}, {wi}, and {t;} generated by Algorithm 4.3
converges strongly to the unique solution (u, v, w, t) of SGVI (4.1).

- ezlAT

Proof. Using Algorithms 4.3 and Ag, A, A;-D Lipschitz continuity of S, T and G,

we have

Il v — vie—q 1S D(S(ur), S(ups1)) + €% Il wge — wpeyr 1S {As + €3l uy —
U1 ”,k =12,... (4.14)
I wie = wie—g IS D(T (i), T (ge—1)) + €5 Il wge = geq IS {A7 + €5} 1wy —
el k=1,2,...., (4.15)
It = tre—1 1< D(G((ur), G (Ue—1)) + € Il e — Upaq IS {Ag + €3 1y —
e Lk=1,2,.... (4.16)

By Lipschitz continuity of resolvent operator and second condition, we have
I upyr — ug IS

I RES [H(Quio Rug) — ApoP (v, wi)]

_ RH(.,.)—T} [H(Quk_l;Ruk—l) — A(pOP(Uk_l;Wk—l)] I

M*=1(, k1)

< Ry LH(Quie, Rute) = ApoP (v, wio)]

- R;I,gc()t_g(p [H(Qui-1, Rug—1) ApoP(y—1, Wi-1)] |l

I Ry TH(Quie—s, Ritgs) = A90P (Vy—1, Wi—1)]

~ Ry IH(Quicot, Ruye—1) = 29p0P vy, wie—)] |

= | H(Qui, Rity)) = H(Quug 1, Q1) = A(90P (i i)
— @oP(Vi_1, wi)) l

A
+ =1l QP (Vy_1, Wi) = POP (Vyemy, Wie—1) | +& 1l tr — tiey II.

<

(4.17)
In the light of (4.13), we can obtained

Il H(Quy, Ruy — H(Qug-1, Rug—1) — (90P (v, wi) — @OoP (Vy—1, W) |l
< J[(Kl + k)2 4 2vA{As + €%} + 26, M {As + €X}H{(kc1 + K3) + T{As + €X}} + €222{As + €¥}?]

" Uk — Uk—1 ” (418)
Thus equation (4.17) becomes

| Upr1 — ug I @(€k) | ug — up—q I, (4.19)
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where 0(e®) =
[— [V {(c + K2)% + 2vA{As + €X)2 + 26, A{Ag + €X}((ieq + k) + T{As + €K}) + €222{As -

f—mA
+e, A + €XY] + E{Ag + €X}].
Since 0 < € < 1, this implies that ©(e*) — © as k — oo, where

T
yg— [J{(Kl + K3)2 4 2VALE + 26, A ((kq + K3) + Ts) + €22%4¢)
+ ;A7) + EAg].
It is given that ® < 1, then {u,} is a Cauchy sequence in Banach space Y, then
U, > uask — oo,

0=

From equation (4.14)-(4.16) and Algorithm 4.3, the sequences {v,}, {wy} and {t;}
are also Cauchy sequences in Y. Thus, there exist v, w and t such that v, - v,
wr = w and t, >t as k - oc. Next we will prove that v € S(u). Since v, €
S(uy), then
div,S(w) <llv—vll +d(vg, S(w))
<lv—vell +D(Sw),SW))
SHv—vell +4s lugy—ull=» 0,ask — oo,

which gives d(v,S(u)) = 0. Due to S(u) € CB(Y), we have v € S(u). In the same
manner, we easily show that w € T(u) and t € G(u). By the continuity of

RZ%"‘S;;Z,Q,R,S,TG,cpoP,nandM and Algorithms 4.3, we know that

u,v,wandt satisfy u = Rﬁgt))_(z [H(Qu, Ru) — ApoP(v,w)]. Now using

Lemma 4.1, (u,v,w,t) is a solution of the problem (4.1).
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