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ABSTRACT

First of all, we introduce the repeated measurements model and discuss the degrees of freedom
of its coefficients in the structure of Stein's unbiased risk estimate (SURE). By assuming that the
design matrix has full columns rank, the following results are concluded. First one, the number
of non-zero coefficients is an unbiased estimate for degrees of freedom of lasso solution. Second
one, the unbiased estimator of these non-zero coefficients is asymptotically consistent. In
addition, It is concluded that the same above results will be obtained if there are no especial
assumption on the design matrix. With all above results the optimal lasso solution can be
obtained by using several model selection criteria such as C,, AIC and BIC. Moreover, BIC-
lasso shrinkage will be chosen if the variable selection is the main choice in applying lasso
problem.

1. Introduction

Many scientists and researchers have been given a definition for the repeated measurements in
the different periods of time. Vonesh and chinchilli [19] were defined as term used to describe
the data in which observations of response variable are measured repeatedly for each
experimental unit under different experimental conditions. While (Keseliman) [5] explained that
the repeated measurements require two or more independent groups between the most of known
experimental designs in the set of different researches type. In the other words, in the repeated
measurements , the observations of experimental units are measured repeatedly in the time unit.

High dimensional data means that the number of coefficients which are to be estimated is
greater than the number of observations. In other words, the number of coefficients denoted by
k , are larger than the sample size which denoted by N. In this case, more dimensions will be
added to a data set which leads to more difficult to predict certain quantities. By high
dimensional is meant that measures and the total sample size grow together but either one would
be greater than the other. In this case, the traditional methods like ordinary least squares is not
unique and we must use another method to treat with this problem. These methods are called
penalized least squares methods. they are common and sufficient to treat with high dimensional
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data to find acceptable solution.

Tibshirani (1996) [14] proposed a penalty function for the linear regression model called 'Lasso'
which is abbreviated to 'least absolute shrinkage and selected operator'. The lasso method is
based on the idea that minimizing the residual sum of squares plus the sum of absolute value of
coefficients. It is used to estimate coefficients and selected variable simultaneously.

In this paper, we will study the degrees of freedom of the lasso estimator in the framework of
Stein's unbiased risk estimation (SURE) [13] for the high dimensional repeated measurements
model and discuss their properties according to the rank of design matrix is equal to k with k <
N.We will derive degrees of freedom via continuous and almost differential function and apply
Stein's formula. This has an advantage, that is, lasso provides an asymptotic distribution of the
degrees of freedom of lasso coefficients. Furthermore, we investigate the performance of
degrees of freedom of lasso with respect to model selection according to some information
criterion such as: Akaike information criteria (AIC) (Akaike (1973)), Bayes information criteria
(Shwartz (1978)) and Mallows C, (Mallows (1973)) which is very similar to AIC. The degrees
of freedom is defined as the trace of the first derivative of the fitted value with respect to
response variable. On the other words, it can be defined as (Efron [3], Hastie and Tibshirani
[18]) a sum of covariance between each point of the response variables and its corresponding
fitted values and dividing the result by the variance. It is also can be defined as the trace of the
'hat matrix' of the fitted values which is a function of response variable. The concept of degrees
of freedom is connection with the complexity of the model. In the sense that, it plays an
important role in determination and selection the statistical model and commonly used to
quantify the actual complexity of a regression method look at e.g. Hastie and Tibshirani [7].
Generally speaking, Descriptions of degrees of freedom extremely pertinent for objectives such
as model selection and model comparisons, look at, e.g. Efron (1986), Hastie and Tibshirani
(1990), Tibshirani and Taylor (2012) and Tibshirani (2014). The degrees of freedom had been
discussed and given the basic results for linear regression by Zou, Hastie and Tibshirani (2007).
They showed that if the response variable follows a normal distribution with spherical
covariance , fixed design matrix and penalty parameter such that the rank of design matrix is
equal to k then the degrees of freedom is equal to expectation of active set of the unique lasso
solution with respect to response variable. Moreover, the degrees of freedom is characterized by
estimating the prediction accuracy of the fitted model which supports us to select the optimal
model among all the candidates. In the sense that, it is selected the optimal choice of 1 in the
lasso.

Generally speaking, the important use of regularization is to overcome the complexity of the
fitted model. It is known that the main toll of the regularization is the penalty parameter which is
denoted by A. There are two cases which are very explicitly to describe the regularization. One
of these is the least regularized lasso (A = 0) corresponds to ordinary least squares. The second
one is most regularized lasso uses (A = o), which leads to a constant fit. Therefore the model
complexity is decreased via shrinkage.

The rest of paper is organized as follows. In section two, we present statistical model for which
the degrees of freedom and other properties will be studied. In section three, we will introduce
preliminary material which are considered as the basic subjects to compute the degrees of
freedom of lasso by using Stein's formula. Lastly, By using degrees of freedom, we construct the
adaptive model selection criteria such as C,,, AIC and BIC in section five.

2. Setting Model

Suppose Y;, is the value of response variable for it" unit at t time, Xjiry is the explanatory
variables, p, B;, are fixed parameters, V; is the random effect with V;~N (0, o;), &, is the error
term with &,~N(0,02), where i=1,..,N, j=1,..,k,t=1,..,T. Then the repeated
measures model is given by

Yie = u+ X5 BiXjae + Vi + . (1)
Let w;e = V; + & With w;;~N(0,62), 62 = a2 + c2, then the model (1) can be rewritten as
Y= pu+ Y51 BiXjae + wie. 2
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By using matrix notation, then the model (2) becomes
Y =G0+ w, 3)
where G = [e,X], e=11,1,...,1]" has length NT,

Y=[Y, .. Yir Yoq, oo, Yor, oo, Yy, oo, Yyrl” has length NT,X =[X,,...,Xy]" is @ NT XK
design matrix of fixed effect, 6 = [u, B4, B2, ---, Bx]’ has length k + 1, and

W = [W1q, r) W17, Woq, weey W7, e, Wy, -, Wyl has length NT, or equivalently

Y11 Y12 YlT 1 X1(11) X2(12) Xk(lT) H w11 w1 e WqT
o0 Yoo o0 Yor| {1 Xi@n Xopzy Xk(ar) ﬁl n W21 Wz2 t War
: : : i I : : : 2 : : : :
Yvi Yz o Yur ll X1v Xozy Xk(NT)J lﬁkJ Wy1 WOya . ONT
From model (3) we have  Y~Nyr(G6,%),where X = 02Q + ofP, of =c2+To?, Q =
(IN®ET), Er=Iy—]r, P=IyQJr and -1 = % + %_
& 1

We will study the degree of freedom or the effective number of coefficients in £, penalized
repeated measurements linear model. From (3) The Lasso problem can be written as

0 € argmin=||Y — GOI|Z + A/|6]|,, (4)
GeRk‘Fl 2
where A > 0 is tuning parameter.

First, we will assume that Y follows a normal distribution with spherical covariance,
Y~N(u,a2I),and G, A are considered fixed with rank(G) = k. In this case

Ow (21/2)_1Y~NNT (Uw (21/2)_169: 03)1): Y*~Nyr(u*, 051), ®)
where Y* = g, (ZY/?)7tY, u* = 0,(ZV?)71GH,
and X = 62Q + 0P with 371 = 2+ =

O¢ 1

Therefore, (3) can be rewritten as

Y* =GO + w (6)
This assumption must be used so as to apply Stein's unbiased risk estimate for degrees of
freedom in repeated measurements model.

3. Preliminary material

We will introduce the following three sections which are essential and important subjects to
describe and discuss the degrees of freedom of the lasso problem in repeated measurements
model.

3.1 Unbiased risk estimate of Repeated measurements model and degrees of

freedom

It is known that Stein's (1981) [13] Suggested for a linear regression model a new risk
estimate by using a particular unbiased estimate of degrees of freedom. Moreover, Stein's
framework requires two important assumption. One of these assumption is that the response
variable Y € RY must be followed an normal distribution with spherical covariance, i.e.
Y~N(u,02I). The second assumption is that the function of response variable Y must be
continuous and almost differentiable.

To apply Stein's formula for our model (3), we must have the above two assumptions.
Therefore, we must use the transformation (5).
i.e. Y*~Nyr(u* c2I), where Y* = g, (ZV?)"tY, u* = 0,(ZV?)71G6.
Given samples Y*~Nyr(u*,621) and Consider a function g*: RN — RN such that from Y*,
provides an estimate 4*(Y*) of the underlying unknown mean p* . In this case it can be used /i*
to refer to this estimate and function itself. An unbiased risk estimate for repeated measurements
model starts by expanding

Ellu* — g*|I> = Ellu* —Y* + Y* — f¥||3

=Nog + EIIV* — @*|I> + 2(u* - Y*)'(V* — &%)
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= NoZ + EIlY* — @%| = 2(0¢* =)' (¥* = g%
= No2 + E||Y* — f*||> = 2No2 + 23N cov(Y,a%), t=1,..,T
= —No2 + E||Y* — @*||> + 2X N, cov( Y3, 4}, (7)
where E||Y* — *||? is the expected training error of ji*.
For a* (Y*) = (a5:(Y®), .. Ane(Y*) ) ', t = 1, ..., t, recall that the degrees of freedom is
defined as,

~ % 1 % A%
af(@®) = ;Z?Ll cov (Y™, fie)- (8)
This is explained as the "effective number of coefficients" used by the function g*.

It can be noted that for the repeated measures linear model of Y* onto the fix and full rank
design matrix M, we have that g* (Y*) = g* = MY* for some matrix M independent of Y*, then

we have that cov(@*(Y*),Y*) = 62M then Jizcov(ﬁ*, Y*) = M and this implies

that df (i*) = tr(M) = k, which represents the number of nonzero coefficients. By (7) we
obtain

E{ 2 — Ya:e(new)”z} = E{|IY* — 2*||12 + 202df (D)}.

Thus we can define a Cj,-type statistics
% __7y%(12 2 T

Ck(ﬁ*) — Iy ;V# Il + Zawif(li) (9)
which is unbiased estimator of the true predictor error.
Furthermore, we can denote the decomposition of 4* by Risk(4*) = E||u* — A*||? as
Risk(f*) = —=Nag + ElV* — 2*|13 + 205 df (2*)

= —N o2 + E||Y* - i* ||? + 203 k.

It is noted that the decomposition proposes an estimate of degrees of freedom df (i*) can be
used to construct an estimate of the risk,
Risk(2*) = |IY* — a*|13 — No2 + 262 df (2%). (10)
The above estimate is an unbiased for Risk, i.e., E[Risk| = Risk. The above estimate Rusk is
called the unbiased risk estimate. Moreover, it is easy to show that an unbiased estimate of
degrees of freedom leads to an unbiased estimate of risk, this means that df (i*) = E[df (2*)]
implies Risk(4*) = E[Risk(*)]. It is seen that the risk estimate (10) can be used for penalty
parameter selection A. If we assume that the function /* depends on the penalty parameter A
denoted by £ (Y*), then it is seemed that one can minimize the estimated risk over A to choose
a suitable value for the penalty parameter,
A = argmin Risk(4*) = argmin ||Y* — g*||2 — No2 + 202 df (43). (11)
This (:Aa;A be considered a/sm/(\:omputationally efficient alternative to choosing the penalty

parameter by cross-validation for penalized linear repeated measurements problem.

It can be concluded that the main results of unbiased risk estimate is considered as alternative
expression for degrees of freedom in repeated measurements model if the distribution of
Y*~Nyr(u*, 02 1) and the function g*(Y*) is continuous and almost differentiable.

ie df(a) = E[(V.A) ()], (12)

where the function (V. 3*)(Y*) = zyzl‘;iy_i{ = >3 cov (Vi i) e = 1, T,

is called the degree of freedom of f*. It is followed that the unbiased estimate of degrees of
freedom,

df (@*) = (V.29 (Y*) (13)
3.2. Some important Notations

At the beginning, it will be defined some important notations before adopting the SURE with
the lasso solution for repeated measurements model. Assume that ji; represents the lasso
solution by using (4). Let u}, is the i®" component at time t of u*. For convenient, suppose
df (1) stands for df(3). Suppose M is the matrix with k columns. Let h < {1, ..., p} and
denote by M, the submatrix My, = [... M; ...]jeh where M; is the j®* column of the matrix M.

Similarly define 6, = ( 0; ...)jeh for any vector has length p. Assume that Sgn(.) refers to
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sign function such that

1 if x>0
Sgn(x)=4 0 ifx=0
-1 if x<0.

Let S = {j: sgn(0); # 0} represents the active set of 8, such that Sgn(6) be the sign vector of
6 which is given by Sgn(8); = Sgn(6;) . Let the active set 8(A) is denoted by S(A) and the
corresponding sign vector sgn(8 (1)) is denoted by Sgn(4). It is not distinguished between the
index of coefficient and coefficient itself. Assume that For given response vector Y*, there is a
finite of A's,

Ao > A >-> 1, =0, (14)

Such that:

1.6(0) =0forall A > A,.

2. Forall A € (A4n41,4,,), the active set S(A) and the sign vector sgn(A)s,, are
constant with respect to A. Therefore, They are written them as S,,, and sgn,,
for convenience.

Definition 1. (Transition points). Are points in which the active set changes at
each 4,, if A has the following properties:

1. Some explanatory variables with zero coefficients at 4,, will have nonzero
coefficients when A decreases from 1 = 1,,, — 0, thus these coefficients attach
the active set S(1).

2. When A increases from A = 4,,,, + 0 there are possibly some explanatory
variables in active set S(4) whose coefficients reach zero, hence they do not
join the active set S(A).

In the other hand, It will be called non-transition point for any 4 € [0, ©0)\{4,,}.
Moreover, it is important to introduce the following matrix representation of Stein's Lemma of
the divergence. Suppose % bea N X N matrix whose elements are.
jt

ap* onf . .
((E) =2ij=12..N, t=12..T
oY* ijt ant

Then the trace formula can be written as

(5) v.a* = tr (32,

It will be introduced some important Lemmas which are discussed the necessary and sufficient
conditions to study the properties of degrees of freedom of the lasso problem. Also recall that
the assumption rank(G) = k + 1 implies that k + 1 < N; in the other words, the result of the
degrees of freedom not cover the important "high-dimensional” case k + 1 > N.

In the following lemma, we will discuss the properties about the uniqueness of the Lasso
solution.

Lemma 1. The lasso problem has the following three properties For any Y*,G,and A = 0.

(i) The solution of the lasso estimator G in (4) is either unique or an infinitely number of
solutions.

(i) The fitted value G is the same for every lasso solutions .

(iii) If A > 0, then we have the same £, penalized ||9||1 for every lasso solution 8.

Proof. (i) Since the lasso problem is convex then it will be attained its minimum in R¥.
Therefore lasso problem has at least one solution.

Now consider the lasso problem has two solutions 8 and 8@ such that 8 = @ Since
6 and 6P are two solutions for lasso problem and convex then their addition is also
convex and solution.

Thatis, 0™ + (1 — §)8® is also solution for any 0 < § < 1, which gives infinitely number
of lasso solutions as § varies over (0,1).

(i) It will be proved by contradiction. Assuming that we have two solutions 8™ and §®
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with GA™ %= G6@. Suppose that m* is the minimum value of lasso solution yielded by 8™
and 6@ .
forany 6 € (0,1), we have
|y — G6® — (1 - 5)é(2))||§ +[|60® — (1 -8)8P| <sm"+ (1 - 86)m" =m”",
Where the strictly inequality due to strictly convexity of the lasso problem. This is a
contradiction because

560 — (1 — §)8@ has a minimum value than m*.
(iii) If we have two lasso solutions 8™ and 8, then by (ii) must have the same fitted values
Lemma 2. The lasso coefficient estimates 8 (A) is given by
b(A)s, = (GgmGSm)_l(Gng* - %Sgnm), forevery 1 € (441, Am)- (16)
Proof. Since A is in the interior of (4,,41,4,,) then the active set S(1) and sign vector
sgn(A)sy are constant with respect to A, hence they can be written as S,, and Sgn,,

respectively. Let Z(6,6) = ||[Y* — X%, G]-t9j||2 + 235116,
where Y* = (Y7,..., Y3, ) and G = (Gainys ...,Gk+1(it))', t=1,..,T.

It is seen that (A1) minimizes of Z(6,G) for given Y* and for every 1€
(Am+1, Am)- Therefore

—aza(g’,y) = 0, for every j € S,,, where S,,, be active set, that is
J
—2G;(Y* = X5, G6(3);) + ASgn(6(3);) = 0, for j € Spp. (17)

We have that 8(;); = 0 forall i & S,,, therefore ¥¥_; G;0(2); = Xjes, GO ;-
Hence (17) becomes
—2G5 (Y* —Gg 6(D)s,, + A Sgny, =0,
2Gg Gs O(D)s,, = 2G5 Y* — ASgny,
! I A / * A
GSmGSme(A)Sm = GSmY - Esgnm,
Hence, 0(2)s,, (= G4,,G4,.) " (G4,Y* —2Sgnum).
Lemma 3. The Lasso estimator of (4) is continuous function of Y* for every A.
Proof. Consider ordinary least squares estimator,

0,(Y*) = (G'G)~1G'Y*, which satisfies

|§/1(Y)|1 < |§/1(Y)ols|1' (18)
without loss of generality, we omit the subscript A. Consider a sequence {Yx }, N =1,2, ...,
such that Yy converges to a fixed point Y; as N go to infinity, thatis Yy —» Yy asN — oo,
then there exists y* such that ||Yy | < ¥* forallN =0,1,2,.....

This implies that there exists an upper bound U depends on G and Y* such that,

||6(Y1\>I§ )ols” <U.

By using (18) and Cauchy's inequality, we have

|02(¥¥ )|, < VKU, for N =0,1,2,... .

Now to show that 8(Y*) is continuous function of Y*, it must be showed that

O(Yg)-0(Ys) asN - oo, (19)
To prove (19) it is sufficient to show that for any convergence subsequence {5 Ynp )} of
{6 (Y3 )} converges to A(Y,) as Np — co. To show this, assume that 8 (Y3, ) = (Y*) as

Np — oo, and then show that 8,,(Y*) = 8 (Y5 )
Consider the lasso criterion Z(6, Y*) as mentioned in (4).

Suppose A Z(8,Y*Y*) =2(6,Y*) —Zz(8,Y*). (20)
It is clear that from the definition of §(Yy,, ), it must be had,
Z(OY), i) = Z(0(Yay), Yip)- (21)

Then from (20) and (21) we get,
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ZOWS, Y5 = Z(0(Y), Yap) + AZ(O(YS), Y5 . Yap) = Z(O(Y), Yi,) + AZ(O(YS), Yo', Vi) (22)
=Z(0(Ynp), Y$) + AZ(8(Ynp), Yan, Y5) + AZ(B(YD), Y5, Yarp)-
Note that, AZ(B(¥y,), Yip Y) + AZ(BY), Y5, Vi) = 2(Y5 — V)G (8(¥ip) — 0(D)).
Then (22) becomes,
200, Yg) 2 2((Yiy), ¥o) + 2(¥5 — v3,)6" (8(¥ip) — 0(YD)). (23)
Let Nk — oo; then we get, 2(¥s — ¥3,)6' (8(¥y,) — 8(¥)) - .
Moreover, Z(8(Yx,), Y5) = Z(0(Ynp), Y5).
Therefore, (23) reduces to,
Z(OY), Y5) = Z(0(Yup), Y5).
Since A(Yg) is the unique minimizer of Z(6, Yy, and hence 8,, = 8(Yy), which implies that,
0o (Y, ) » 0(Y]) as Np — oo, and hence 8(Yy) - 0(Y5) asN — oo.
Therefore,d;, is continuous function of Y*. m

Lemma 4. Let S,, be the active set in the interior of (4,,,4,,+1) and consider A,,, A,,,, With
Am+1 = 0 are the transition points. Then

(68 Gsm) G5 Y")..

, -1
((GsmGSm) Sgnm)i*
if i,44 IS an index added into S, at A,, and its index in S,, can be written as i zq = (Sp) i+
Moreover A,,,; can be written as

L (68 Csy) ™ G81¥") .
e ((GémGsm)_ngnm>j*

if jarop is dropped index at 4,,,, and its index in S, can be written as jg.op = (Sm )] where

Am = (24)

: (25)

(b), means the k" item of the vector b.
Proof. Assume that M[i,.] Represents i*"* row of matrix M. Since iy44 joins S, at A,,; then the
lasso coefficient estimate at i,44 equal zero, i.e. @(Am)l-add = 0. By using lemma 2, the lasso

coefficient estimate (1) for 1 € (4,41, A,y iS given by,
~ , -1/ . ox A
OW)s,, = (G4,Gs,.) " (64,Y* —2Sgmm). (26)
Since é(A)iudd is continuous, then by taking the limit of the i* element of (26) as 2 — A,,, —
0, we get,
! -1 : ] * ! -1 +
2{((;5m65m) [i ,.]Gsm}Y- - Am{(GsmGsm) [i ,.]Sgnm}.
é(l)l-add =0 for all A € (4,,,41,4,,), Which contradict The second {.} is a nonzero scalar,

otherwise
the assumption that i,44 joins the active set of S,,, and becomes a member of it. Therefore, we
have,

{ (64, Gsp) Ti".]
Am = ; =
(GSmGSm) [i*,.] Sgnm
. (65, Gsp)” 1i"/]
Where (S, i*) =42 = : (28)
(64, Gsp) 111 Sgnm
Rearranging (27) and using igqq = (Sm);+, We get
((GémGsm)_lGémY*)i*
((GgmGSm)_lsgnm>i* .
By the same way above, if j;.., is dropped index at A,,,,4. Then by continuity of é(/l)]-dmp and
taking the limit of the j* element of (27) as A — A,,+1 + 0, we have that,
l; 1.,
Amir = {2 Conley) 7 }Gs’mY* = f(Sm,j")Gs, Y, where (29)

(65, Gs) U*ISgnm

}Ggmy* = f(Sm 1)G, Y*, (27)

Am =
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f(Sm,j*)={2( (65 Gsm) "UI" } (30)

G4, Gsp)  Li*WISgnm

Rearranging (29) and using jgrop = (Sm) j+ We get,

(68 Gsm) ™ GomY™) .
At = -1 -

((chnsn) somm),
Lemma 5. For every A > 0 There exists a null set Q, which is finite collection of hyperplanes
in RN which has the form {X € RN|a'X = b} where a # 0 and b € R. Assume that ¥, =
RY/Q,. Then A is not any of the transition points for every Y* € ¥,. In the other words A ¢
{2V )m}.
Proof. First, it will be prove in conversely by assuming that for some Y* ¢ W, there exists a
null set contains that Y* and A is the transition point. Assume that there exists Y* and m such
that A = A(Y*),,,, A > 0 and this means that m is not the last lasso step. Since A is the transition
point then by Lemma 4, we have,

A=Ay = {f (S, i)Gg, JY* = g(Sp, iV (31)
It is cleared that g(S,,, i")Y* = f (S, i")Gs Y* is nonzero vector. Now assume that g, be the
totality of g(S,,,i*) by considering all the possible combinations of S,,, i* and the sign vector
Sgn.,,. g, depends only on the G and is a finite set, since at most k explanatory variables are
available. Hence, for every g € g;, gY* = A defines a hyperplane in RY. We define
O, ={Y:gY* = Aforsomeg€ g;}and ¥, = R"/Q,.

Hence A in (27) can not satisfied on ¥,.

Lemma 6. Consider Y* € W, as defined in Lemma (5) then the active S(4) and the sign vector
Sgn(1) are locally constant with respect to Y* at any fix A1>0.
Proof. Consider by Ball(Y*,r) the N-demensional ball with center Y* and radius r. Since Y* €
Y, then by definition of open set, it is clear that ¥, is an open set. Therefore for a fix arbitrary
Yy € W, we can select a small enough € such that Ball(Yy,e) € ;. Now, fix ¢ and letYy —
Y* as N — oo. Since Ball(Y*,r) € W, and Yy — Y* Then we can assume that without loss of
generality Yy € Ball(Yy, €) for all N. This implies that Yy € W, and hence A is not a transition
point for any Yy .

Now to show that S(A) is locally constant with respect to Y* at any fix A > 0, it must be
showed that S(Yy) = S(Yy)- By definition of active set 9(Y0*)j + 0 forall j € S(Yy).

From Lemma 3, there exists an N, such that 8(Yy); # 0 and Sgn (é(YA’}‘)) = Sgn (é(Yg}‘)) for
all N > N;, and j € S(Yy). This implies that S(Yy) < S(Yy) forall N > N;.

Now to show that S(Yy) € S(Yy), we have the equicorrelation set

2=2|G/(Ys —GOY))| VjeSE) (32)
2> 2|6/ (Y5 — GO(Y))| VjesE. (33)
Using lemma 3 again, we see that there exists N, > N; such that for all v j & S(Yy), the strict
inequalities (33) hold for Yy provided N > N,. This implies that,

Se(Yy) € S°(Yy) forall N > N,.

Hence, we have S(Yy) = S(Yy) forall N > N,.

Therefore, S(4) is locally constant with respect to Y*at any fixed A. Then the locally constant of
the sign vector Sgn(A) follows the continuity of 8(Y*). m

Theorem 1. Consider the set ¥, as defined in lemma 3 and let ¥, = RM. The lasso solution
fA3(Y*) = GA(Y*) is uniformly Lipschitz on the set W, for any an arbitrary fix 2 > 0. Exactly

la5(Y* + AY®) — a5 (V™) < ||AY*||, for strictly small AY*. (34)
In addition, we have strictly formula
Va3 (r*) = |5 (35)

Proof. It will be discussed the two cases.
Case 1. If A = 0 then the lasso solution is just the ordinary least squares and (16) becomes

6(Y)s,, = (G3,Gs,)” G5, " and
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AKX V% 1a%a ! Loy
25 Y) = GG(Y)Sm = GSm(GSmGSm) GSmY.1

™) =HY"Y™, ) o
Where H(Y*) = (G4 Gs ) Gé _ is the projection matrix on the space Gs_, i.e. [H(Y*)]? =
H(Y*) pi(Y* + AY®) = H(Y* + AY*)(Y* + AY®). (37)

Using (34) and (35) we get
I3 (r* +AY*) = G5 ()|

! -1, * * ! -1, *

Gs, (Gi Gs ) Gi (Y*+AY*) —Gs (G Gs ) Gg Y
’ -1, % % % % *

= |65 (G4,,6s,,) ™ G, AY*|| = IHErAY*|| < llav=llIIH )]l
This implies that
s (Y* + AY*) — a5 (Y®)|| < ||AY*||, for sufficiently small AY* and||H(Y*)|| = 1.
Hence i, (Y*) is uniformly Lipschitz.
Case 2. If 1 > 0 then for fix an Y*, choose a small enough € such that Ball(Y*, €) € ¥,. By

definition of open set, we conclude that ¥, is an open set and hence A is not any transition point.
By using (16), it can be seen that

A3 = GO(Y*) = G5, (G4, Gs,) (Gi, Y* —2Sgny)

= Hy(Y)Y™ — 2, (Y7), ) (38)
Where ,(Y*) == Gs, (G4,,Gs,.) Sgns,,-

Assume ||AY*|| < e and by using (36) we get

E(Y* + AY®) = Hy(Y* + AY*)(Y* + AY*) — 2, (Y* + AY*). (39)
Lemma 3 include that it can be further selected e be sufficiently small such that both active set
S, and sign vector Sgn;, stay constant with respect to Y* in Ball(Y*, €). Now fix sufficiently
small € and hence if ||AY*|| < € then we get

Hy(Y* + AY*) = Hy(Y*) and ¢, (Y* + AY*) =y, (V). (40)
Using (36) and (37) we get

Na;(V* + AY*) = B3 (Y) = [[Hy(Y* + AY*)(Y* + AY®) — A (Y™ + AY™) — H(Y*)Y™ +

A (V)|

= [[Ha(Y)(Y* + AY™) — A, (V™) — Hy (Y)Y + A (Y]

< [[Ha(Y)llAY*]].

This implies that

|z (Y* + AY*) — g5 (Y*)|| < ||AY*|| for sufficiently small AY* and ||H,(Y*)|| = 1.

Hence £; (Y*) is uniformly Lipschitz when A > 0.

By the locally constant of H;(Y*) and v, (Y*) with respect to Y* , we have from (36)

W= Hy(r™). (41)
Then by using trace formula (15), we have that
V.25(r%) = tr(Hy(Y")) = IS,l. (42)

Theorem 2. The degrees of freedom of the lasso solution /i (Y*) = GA(Y*) which is uniformly
Lipschitz on Y* Is equal to the expectation of the active set S; for every 1 > 0, that is, df (1) =
E|S,l.

Pro/})f. If 2 =0, then get the ordinary least squares. From equation (16), we have

A5(Y%) = GA(Y*) = Gs, (G4, Gs,)GS, Y™ = Hy(Y*)Y*, Where H(Y*) = (G4 Gs ) G4 is the
projection matrix on the space G and /13(Y*) is the lasso solution for repeated measures linear
model of Y* on G. Then relying on the matrix form of degrees of freedom by using (8)

df (D) = = (cov(H(Y)Y*, ¥"))
= Giz tr(H:(Y*)cov(Y*, Y*))

= Ui(: tr(Hy(Y*)). 03

= t:(H,l(Y*))

1310



Degrees of Freedom of the Lasso in Repeated Measurements Model
PAJEE 18 (7) (2021)

ie.df(A) =tr(H(Y")) =k +1=E|S|, ifA=0.

Now, if A > 0. By theorem 1 5 (Y*) is uniformly Lipschitz on W,. Furthermore, f;(Y*) is a
continuous function on Y*. Hence, 23(Y*) is uniformly Lipschitz on RN. This implies that
{5 (Y) is almost differentiable everywhere. Therefore, It can be applied divergence formula (15)
and using (8) we get

df (2) = o (cov(Ha(Y*Y)Y?)

oni (Y™ %
= £ |22 ()
= E[V. 35 ()]

= E[tr(H,(Y®))] = EIS;|

3.4. Asymptotic consistency of the unbiased estimator df (2).

In this section, it will be showed that the unbiased estimator df (1) is consistent estimator of
df (1). It will be adopted the similar to asymptotic analysis of Knight an Fu [9] but for repeated
measurements model. Assume that the following two regularity conditions which are needed to
investigate the consistency of the unbiased estimator df (1):

1. Y =6:0"+wy;, i=1,...,Nt=1,..,T, where the random error w;, are independent
and identical distributed with mean 0 and variance a2 + g2, and 6* denotes the fixed unknown
coefficients of the repeated measurements linear model.

24y =<3, GGl = 4, (43)
where A is a positive definite matrix.

3. Define the following an objective function which is minimizing at 8* = 9*

Z3(6) = (6 — 6*)A(6 — %) + AX_,|6;]. (44)
Equation (44) represents an optimizing of the lasso problem which means that minimizing a
quadratic objective function with £; norm. Moreover, there are a finite sequence of transition
points {1,,} associated with optimizing (44). The following theorem explains that df(1%) is a
consistent estimator of df (A} ) provided that A}, = o(N).

Theorem 3. The unbiased estimator of degrees of freedom df (1%) is consistent, In the sense
that

df (Ay) — df (Ay) — 0 in probability if the finite sequence of tuning parameters Ay satisfies
the following condition:

%" — A* > 0, where A* is not transition point, that is, 1* & {4,,,} for all m.

Proof. Define the random function

ZP0) =<3, (YF - G0 + 25k lo)| . Aw >0, t=1,.,T, with A=2%
(49)

and also let 8* = arg;ninZ,p:e. Assume the effective set of (45) denote by SV = {j : éj(N )
0,1<j <k
and let the effective set of (44) denote by S* = {j: 8% # 0,1 < j < k}.

Our target is to show that P(SY = S*) > 1as N — oo.
First assume any j € S* and let us show that

P - .
N — 6*, where §M) = argminZﬁ*N)(H) and 8* = argminZ;s.
0 0

To show this,
we translate (45) in to matrix notation

oy e e e 35
= %(w +66 — GO™) (w + GO — GOM) + AWN ?=1|§J'(N)|
=2(0+6(6-0™)) (0 +6(6-0™)) + 255 ,|6™)
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[ ~ N ~ A ~
=2|w'w+206(6 - 8) + (6 - ) 6'G(0 — )] + 2 X, |9)|
Now letting N — oo, then we have the following results
1 ., 1, ’
SG'G > A, ;wwﬁE(ww)=a£, [ lla)lt]—— [wi] =0,
20'6(0 - 0M) > T, E[w]6(6 — ™) = 0 and 22 - 2 > 0. Therefore

P ~
ZM(9) > 02 + (6 - 6"V A(6 - 6™) + 2* 1¥_, |5
= Z(6*) + 2.
Since Z®) () pointwise convergence in probability to Z(8*), we conclude that
O™ = argmin Z" (0) 5o = argmin Z (0).
o ;

~ P
Hence 8™ — §*,
This implies that by using continuous mapping theorem

Sgn (H(N)) — Sgn(8}"), since Sgn(x) is continuous at all x but zero.

Therefore P(S™ 2 §*) - 1. (46)
Second, assume any j' & S*, and this implies that 9;? = 0.

Then we want to show that 671.(’\’) =0and j' ¢ S™,

Since #* = argmin Z (6;+) and A* is not a transition point, then by using optimality condition
of Karush-Kuhr?—Tucker, it will must be have

2> 2|4, (0% - 6%)), (47)
where A;: is the j'th row vector of the matrix A.

Assume c* = 2* — 2|4,/ (6% — 6%)| > 0.

In the same way, consider ¢y = A} — 2|Gj’, (v* - Gé,’{‘,)|. It is seen that

Gy(Y*—G63)G(GO* + w—GOBF) = G/ (GO* + w — GOY) = G, (G(6* — ) + w)

=G/ G(6* - 0F) + G w. (48)
Hence - = %”— 2 |% GG(0* —05) + G o |

since 8™ 5 6% and by letting N — oo, then we obtain the following results

%Gj’, w 5>0, % G].’,G — Ajr. This implies that

*

P
%’V — ¢* > 0. Then by using optimality condition of Karush-Kuhn-Tucker, we get

cy > 0 and this implies that é;‘/ = (. Therefore
P(S*25V) > 1. (49)
From (46) and (49) immediately we get

df (A%) A |S*|. Then by using convergence theorem, we have
— P
df (Ax) = E[df (A3)] = IS¥]. (50)
Therefore df (A%) — df (A%) Zom
4. Degrees of freedom and Adaptive model selection criteria.

The first step in any penalized methods is to determine the value of penalty parameter "A".
Although the penalized least squares estimator has an oracle properties but the most important
thing is the choice of penalty parameter. It controls the quantity of shrinkage for the coefficients
and selects the secondary variables which include in the final model. Moreover, the penalty
parameter has the most important feature for choosing the optimal model which is called model
selection criteria according to some criterion formula. These criterion such as Akaike
information criteria (AIC) (Akaike 1973) and Bayes information criteria (BIC) (Shwartz 1978).
There is another criteria is called Mallows C,, (Mallows 1973) which is very similar to AIC.

The two criterion whether AIC or Mallows C, criteria are provided by Stein's unbiased risk

1312



Degrees of Freedom of the Lasso in Repeated Measurements Model
PAJEE 18 (7) (2021)

estimate theory (SURE) (Stein 1981). In Efron (2004) C, and SURE are suggested as
covariance penalty methods for estimating the prediction error. In the previous section has been
derived the degrees of freedom for the linear repeated measures model of the lasso problem for
the penalty parameter A. In spite of there is no exact value of degrees of freedom df (1) but it
has been provided an formula to compute it. It is seen that in the spirit of SURE theory, the
unbiased estimate of df (1) is sufficient to provide an unbiased estimate for the prediction error
{;. Therefore prediction error ji; can be denoted by Pe () and is given

Pe(p®) =+ IIY* = @%I12 + = df (&), (51)
where df refersto df (1). Moreover, Akaike information criteria can be defined for the linear
repeated measures of the lasso problem by using (51)

AlC(p*) = < |IY* — 2*|I? + = dF (") 2. (52)
(52) is called AIC-lasso shrinkage which is corresponding to the BIC-lasso shrinkage denoted by
BIC(f*) and is defined as

% % 1 TE( A%
BIC(i®) = oz IV = i¥II? + =52 dF (). (53)

N g}
Both (52) and (53) are considered as formulas for selectin lasso model but they possess different
asymptotic optimality. when the true function is not included in the candidate models then the
model which is chosen by AIC asymptotically provides a smallest average squared error among
the candidates. In this case, the AIC estimator of the function converges at the minmax optimal
rate whether the true function is in the candidate models or not, as explained in shao (1997),
Yang (2003) [20] and their references for linear regression. On the other hand, BIC is well
Known for its consistency in choosing the true model(Shao 1997). In the sense that, if the true
model in the candidate list then the probability of choosing the correct model by BIC converges
to one as the sample size N — o. Moreover, BIC-lasso shrinkage is adaptive in variable
selection when the true underlying model is sparse. In addition, AIC-lasso shrinkage leads to
give more non-zero coefficients than truth while BIC-lasso shrinkage is more convenient when a
variable selection is the important choice in applying the lasso problem. From
above, we conclude that the optimal lasso model of linear repeated measurements model can be
computed either by AIC or BIC. In the sense that, we encountering an optimization problem
which is

A(optimal) = argmin

2

1

oz lIY =l + 3 dr @, (54)

where &y =2 for AIC and &y =log (N) for BIC. Moreover, the penalty parameter A is
considered as one of the transition points which make the searching procedure is more easier.
Theorem 5.An optimal lasso problem can be attained by solving the following optimization
problem for the regularization parameter A.

1 Ax 12 &N 5=
No? Iy = a3 " +=-df ) (55)
then A (optimal) = A,,=. Where A (optimal) is one of the transition points.
Proof. Assume that 2 € (4,,4+1, 4,,)- By (16) and using fi; = Gsmél(Y) then we have

5 = Gs,0.(Y) = Gs, (G4,Gs,.) (6,Y —5Sgmm)

- (Gsm(cgmcsm)"lcgm) Y =26, (G4, Gs,)” Sgnm

= Hy, (V)Y —26s, (64,Gs,.)” Sgnm,
where Hg = (Gsm(GS’mGSm)_ngm) is the projection matrix on the space Gs_, i.e. [Hs, (V)]
Hg, (Y).

Y- = (I - Hs,)Y +36s,(64,Gs,.)” Sgnm (56)
Iy =@z |* = v'(1 - Hs, )Y + 5 Sgnn’ (64,65,) " Sgmm.

Since the lasso estimates are continuous function on A. Then we can conclude ||Y — 4} |2 is
strictly increasing in the interval (4,,41,4,,). In the sense that for each A € (4,,,41, 4,,) We have
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that

v = a3, I <y = pziily — g, |1 (57)
On the other hand, it is noted that by Theorem 2, we have df (1) = E|S,,| which implies
df (1) = |Sm| for every 1 € (A1, Am) and [Spl = |S(Ameq)|, that is, Sy, is increasing for
every A € (41, Am)-

Therefore the optimal choice of 2in (Ay41, Am) IS Amyq, A (optimal) € {4, }, m1,2,3,...p.
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